Lagrangian isotopy of tori in $S^2 \times S^2$ and $\mathbb{C}P^2$ by Rizell, Georgios Dimitroglou et al.
ar
X
iv
:1
60
2.
08
82
1v
2 
 [m
ath
.SG
]  
7 N
ov
 20
16
LAGRANGIAN ISOTOPY OF TORI IN S2 × S2 AND CP 2
GEORGIOS DIMITROGLOU RIZELL, ELIZABETH GOODMAN,
AND ALEXANDER IVRII
Abstract. We show that, up to Lagrangian isotopy, there is a unique
Lagrangian torus inside each of the following uniruled symplectic four-
manifolds: the symplectic vector space R4, the projective plane CP 2,
and the monotone S2 × S2. The result is proven by studying pseudo-
holomorphic foliations while performing the splitting construction from
symplectic field theory along the Lagrangian torus. A number of other
related results are also shown. Notably, the nearby Lagrangian con-
jecture is established for T ∗T2, i.e. it is shown that every closed exact
Lagrangian submanifold in this cotangent bundle is Hamiltonian isotopic
to the zero-section.
1. Introduction
A symplectic manifold (X,ω) is a smooth even-dimensional manifold en-
dowed with a closed non-degenerate two-form ω. A half-dimensional sub-
manifold L ⊂ (X,ω) is called Lagrangian if ω|TL ≡ 0. In this paper we
mainly study Lagrangian tori in various symplectic four-manifolds up to
Lagrangian isotopy, i.e. smooth isotopy through Lagrangian submanifolds.
The following uniruled symplectic four-dimensional manifolds are treated
here: The four-dimensional vector space (R4, ω0) with the standard sym-
plectic two-form ω0 = dx1∧dy1+dx2∧dy2, the projective plane (CP 2, ωFS)
endowed with the Fubini–Study two-form, and the monotone ruled surface
(S2 × S2, ω1 ⊕ ω1) where ω1 is an area-form on S2 of total area
∫
S2 ω1 = 1.
In addition, we also consider the cotangent bundle (T ∗T2 = T2 × R2, dλ)
of the torus T2 = (S1)2 endowed with its canonical symplectic form. Here
λ = p1dθ1 + p2dθ2 is the Liouville one-form, where (p1, p2) ∈ R2 denote
the standard coordinates, while θi : (S
1)2 → R/2πZ denotes the standard
angular coordinate on the i:th factor, i = 1, 2.
1.1. Statement of the results. Our main theorem is the following.
Theorem A. Let (X,ω) denote either of the symplectic manifolds (R4, ω0),
(CP 2, ωFS), or (S
2 × S2, ω1 ⊕ ω1). Any two Lagrangian tori inside (X,ω)
are Lagrangian isotopic.
The first author is supported by the grant KAW 2013.0321 from the Knut and Alice
Wallenberg Foundation.
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Using the same methods, in Section 7 we also show an a priori much stronger
statement for the cotangent bundle of a torus.
Theorem B. Any closed exact Lagrangian submanifold L ⊂ (T ∗T2, dλ),
where λ denotes the Liouville form, is a torus which is Hamiltonian isotopic
to the zero-section.
As an important step in the proof of Theorem A, we establish the following
result which essentially reduces the cases of CP 2 and S2 × S2 to the one of
R4.
Theorem C. Let (X,ω) denote either of the symplectic manifolds (CP 2, ωFS)
or (S2×S2, ω1⊕ω1). In the case X = CP 2 let D∞ denote the line at infin-
ity, while in the case X = S2 × S2 let D∞ denote the union (S2 × {∞}) ∪
({∞} × S2) of two holomorphic lines. In either case, a Lagrangian torus
L ⊂ (X,ω) can be placed inside the complement X \D∞ by a Hamiltonian
isotopy.
We also prove a result which, as discussed in Section 1.3 below, can be seen
as a potential starting point for the classification of monotone Lagrangian
tori in (S2 × S2, ω1 ⊕ ω1) up to Hamiltonian isotopy. In the following we
will use
A1 := [S
2 × {pt}], A2 := [{pt} × S2] ∈ H2(S2 × S2)
to denote the canonical set of generators of homology induced by the product
structure. Recall that a Lagrangian submanifold L ⊂ (S2 × S2, ω1 ⊕ ω1) is
monotone given that
∫
u ω =
1
4µL(u) holds for each disk u ∈ π2(X,L), where
µL(u) denotes the Maslov index of the disk u.
When we speak about a symplectic F -fibration p : (X,ω) → B we mean
a smooth locally trivial fibration over a surface B all whose fibers are
symplectic submanifolds of (X,ω) diffeomorphic to F , i.e. what is usually
called a symplectic fibration compatible with ω. A symplectic fibration p as
above is said to be compatible with a Lagrangian submanifold L ⊂ (X,ω) if
p|L : L → p(L) is a smooth and locally trivial S1-fibration over an embed-
ded closed curve S1 ∼= p(L) ⊂ B in the base. See Figure 1 for a schematic
picture.
The following theorem gives a more precise characterization of monotone
Lagrangian tori in (S2 × S2, ω1 ⊕ ω1).
Theorem D. Let L be a monotone Lagrangian torus in (S2×S2, ω1⊕ω1).
There exist symplectic S2-fibrations pi : (S
2 × S2, ω1 ⊕ ω1) → S2, i = 1, 2,
compatible with L, where the fibers of p1 and p2 are in the homology classes
A2 and A1, respectively.
Moreover, given closed subsets of the form
(U × S2) ∪ (S2 × V ) ⊂ S2 × S2 \ L
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Figure 1. A symplectic fibration p : (S2 × S2, ω1 ⊕ ω1) →
S2 compatible with a Lagrangian torus L. The fibers that
intersect L correspond to broken spheres as shown on the left
in Figure 2.
contained in the complement of L, we may assume that each {u} × S2,
u ∈ U , are fibers of p1 and sections of p2, respectively, and conversely that
each S2 × {v}, v ∈ V , are fibers of p2 and sections of p1, respectively.
Remark 1.1. In the case of a general (not necessarily monotone) Lagrangian
torus L ⊂ (S2×S2, ω1⊕ω1), we expect that the same methods can be used
to produce a fibration p : (S2 × S2, ω1 ⊕ ω1) → S2 as above, but for which
p(L) ⊂ S2 is an immersion of S1, the double points of which correspond to
exceptional broken configurations as shown on the right in Figure 2 below.
For generic data this immersed curve should moreover be in general position.
In order to prove this statement, the smoothing procedure in Proposition
5.16 must first be extended in order to handle also the exceptional configu-
rations.
We also give a proof of the following corollary, whose proof follows without
too much effort from the proof of Theorem D.
Corollary E. Let L be a monotone Lagrangian torus in (S2×S2, ω1⊕ω1),
it follows that L is Hamiltonian isotopic to a torus
L′ ⊂ (S2 \ {0,∞}) × (S2 \ {0,∞}) ⊂ S2 × S2
contained in a product of annuli, such that the two canonical projections
moreover induce surjective maps H1(L
′) ⇒ H1(S2 \ {0,∞}) ≃ Z in homol-
ogy.
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In the following remark we elaborate slightly on the topological implications
for the embedding of a monotone torus.
Remark 1.2. The inclusion of L′ produced by the above corollary induces a
map
H1(L
′)→ H1((S2 \ {0,∞}) × (S2 \ {0,∞})) ≃ Z2
which either is
(1) an isomorphism, or
(2) a map whose image is equal to Z(1,±1) ⊂ Z2 ≃ H1((S2 \{0,∞})2).
Furthermore, a Lagrangian torus L′ as in Case (2) above with image of
H1(L
′) equal to Z(1,−1) can be mapped to a torus for which the image
is equal to Z(1, 1) by a Hamiltonian diffeomorphism, and vice versa. The
Hamiltonian diffeomorphism is an explicit rotation of the second S2-factor
that fixes (S2 × {0,∞}) ∪ ({0,∞} × S2) ⊂ S2 × S2 set-wise.
The standard monotone product torus S1 × S1 ⊂ S2 × S2, also called the
Clifford torus, clearly is of the form described in Case (1) of Remark 1.2. The
Chekanov torus is a monotone Lagrangian torus which is not Hamiltonian
isotopic to the Clifford torus. In Appendix A we give a construction of this
torus which is of the form described in Case (2) of Remark 1.2. In fact, in
Section 1.3 below we show that any monotone Lagrangian torus satisfying
Case (1) of Remark 1.2 is Hamiltonian isotopic to the Clifford torus.
1.2. History of the problem. Lagrangian tori inside symplectic four-
manifolds are rather well-studied objects. On the one hand, by the Dar-
boux’s theorem, any symplectic four-manifold contains plenty of Lagrangian
tori. On the other hand, any oriented null-homologous Lagrangian surface
L has to be a torus by the adjunction formula for Lagrangians: the tangent
bundle of L (with the given orientation) is isomorphic to the normal bun-
dle (with orientation opposite to the one induced by the symplectic form
together with the orientation of L), and hence the Euler characteristic of L
satisfies χ(L) = −[L] · [L] = 0 by the assumption that [L] = 0 in homology.
1.2.1. Inside symplectic vector spaces. The Clifford torus S1 × S1 ⊂ (C2 =
R4, ω0) and its rescalings were the first examples of monotone Lagrangian
tori in the standard symplectic vector space. As shown by C. Viterbo in
[52] as well as L. Polterovich [41], the Maslov class on any Lagrangian torus
in (R4, ω0) evaluates to 2 on some disk of positive symplectic area having
boundary on the torus. Together with the h-principle for Lagrangian immer-
sions due to M. Gromov [26] and A. Lees [34], this implies that all Lagrangian
tori in (R4, ω0) are regular homotopic through Lagrangian immersions. In
recent work K. Cieliebak and K. Mohnke [10] found the following exten-
sion of the former result to arbitrary dimensions: For any Lagrangian torus
inside a symplectic vector spaces or a projective space, there exists a disk
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with boundary on the torus on which the Maslov class takes the value 2,
and which is of positive symplectic area. In other words, the so-called Audin
conjecture holds. The proof of the latter result relies on the same splitting
construction and compactness theorem as used in this paper.
In [7] Y. Chekanov constructed new monotone Lagrangian tori in each
(R2n, ω0), n ≥ 2. The corresponding monotone Lagrangian torus LCh ⊂ R4
is now called the Chekanov torus. Moreover, Chekanov proved that the
Chekanov torus cannot be mapped to any (rescaling of) S1×S1 by a global
symplectomorphism. On the other hand, LCh can be explicitly seen to be
Lagrangian isotopic to S1 × S1.
The problem of unknottedness of Lagrangian tori in R4 was first considered
by K. Luttinger: see [35], where he has given strong restrictions on the
smooth isotopy class of the fundamental group of the complement R4 \ L
of a Lagrangian torus L ⊂ (R4, ω0). In particular, it follows from these
conditions that a torus in R4 obtained by spinning a one-dimensional knot
K ⊂ R3 admits a Lagrangian representative if and only if K is the unknot.
In high-dimensional symplectic vector spaces, by contrast, there exist mono-
tone Lagrangian tori which are not smoothly isotopic; see [14, Section 8].
There also exist closed simply connected four-manifolds for which infinitely
many smooth isotopy classes of tori, all in a fixed homology class, admitting
Lagrangian representatives. The first construction is due to S. Vidussi [51],
who considered a symplectic four-manifold homotopy equivalent to E(2).
H. Hofer and K. Luttinger also proposed a program of proving smooth un-
knottedness of Lagrangian tori in (R4, ω0) using ideas from symplectic field
theory. A major step towards realization of this program (in a more gen-
eral setup of rational and ruled symplectic four-manifolds; see Section 1.2.3)
was done in the PhD dissertation [32] of A. Ivrii. The project, completed
independently by E. Goodman in her PhD dissertation [24] and by G. Dim-
itroglou Rizell, is presented in the current paper.
1.2.2. Inside the cotangent bundle of the torus and the nearby Lagrangian
conjecture. V. Arnold has shown that any Lagrangian torus inside (T ∗Tn, dλ)
which is not null-homologous is homologous to the zero-section, and hence
homotopic to the zero-section; see [2] as well as [3, Theorem 4.1.1]. The
same result was later re-proven in [23] by Giroux for T ∗T2 using a different
low-dimensional approach. In the latter four-dimensional setting Y. Eliash-
berg and L. Polterovich [17] extended this result by showing that any torus
in (T ∗T2, dλ) that is not null-homologous in fact is smoothly isotopic to the
zero-section.
The so-called nearby Lagrangian conjecture more generally states that any
closed exact Lagrangian submanifold L ⊂ (T ∗N, dλN ) of the cotangent bun-
dle of a closed manifold is Hamiltonian isotopic to the zero-section. Very
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little is known about to what extent this conjecture is true. However, work
by M. Abouzaid and T. Kragh [33], going back to a series of work by M.
Abouzaid [1], K. Fukaya, P. Seidel, and I. Smith [20], [21], and D. Nadler [39],
shows that the following strong partial result holds: The canonical projection
of the cotangent bundle restricts to a homotopy equivalence L →֒ T ∗N → N .
Combining this statement with Theorem 7.1 proven below, it thus follows
that the nearby Lagrangian conjecture holds in the case of (T ∗T2, dλ); see
Theorem B. Note that, in this particular case, the above homotopy equiv-
alence can also be established using the fact that there are no Lagrangian
Klein bottles in R4 (and thus neither inside T ∗T2), as first shown by V.
Shevchishin in [44] and later by S. Nemirovski in [40], combined with [2].
Previously the nearby Lagrangian conjecture was only known in the case
of T ∗S2, as well as the relative case of T ∗R2. The former case follows by
the work of R. Hind in [27] together with the fact that an exact Lagrangian
embedding inside T ∗S2 is orientable, originally proven in [42] by A. Ritter
(of course, this also follows from the more recent result by Abouzaid–Kragh
mentioned above). The relative case of T ∗R2 similarly follows from the work
of Eliashberg-Polterovich in [15].
1.2.3. Inside CP 2 and the monotone S2 × S2. The Clifford and Chekanov
tori inside (R4, ω0) of an appropriate monotonicity constant can be embed-
ded inside both (CP 2, ωFS) and (S
2× S2, ω1⊕ω1) as monotone Lagrangian
tori. Recall that the Clifford torus is given by the product S1×S1 ⊂ S2×S2
of the equators, while we refer to Appendix A for a construction of the
Chekanov torus. We follow the description of the Chekanov torus given in
[8]. In fact, there are different incarnations of the Chekanov torus inside
the latter closed symplectic manifolds and we refer to [22] for a thorough
treatment by A. Gadbled.
It was shown by Y. Chekanov and F. Schlenk in [8] that the Clifford and
Chekanov tori live in different Hamiltonian isotopy classes also when consid-
ered inside (CP 2, ωFS). This result was obtained by counting the number of
families of holomorphic disks of Maslov index 2 having boundary on these
tori. M. Entov and L. Polterovich were the first to distinguish the monotone
Clifford and Chekanov torus in (S2 × S2, ω1 ⊕ ω1), which was done in [18,
Example 1.22]. This argument is also based upon a pseudoholomorphic disk
count. We also refer to [19] for an alternative proof of the same statement.
Recent results by R. Vianna [48], [49] provide a major breakthrough in the
understanding of monotone Lagrangian tori. He establishes the existence of
an infinite number of Hamiltonian isotopy classes of monotone Lagrangian
tori inside (CP 2, ωFS). In an even more recent result [50] Vianna establishes
an infinite number of distinct monotone tori inside (S2×S2, ω1⊕ω1) as well.
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Finally, our result in Theorem C can be seen as a refinement of a result by D.
Auroux, D. Gayet, and J.-P. Mohsen from [4] in the closed symplectic mani-
folds under consideration here. The latter result states that any Lagrangian
submanifold sits inside the complement of a Donaldson hypersurface.
1.3. Progress on the classification problem in S2 × S2. Even though
the classification of Lagrangian tori up to Hamiltonian isotopy is completely
open for the monotone S2×S2, the result obtained here provides a potential
starting point.
Let L ⊂ S2 × S2 be a monotone Lagrangian torus and assume that we are
given a symplectic fibration p : (S2 × S2, ω1 ⊕ ω1)→ S2 compatible with L
as produced by Theorem D. Recall that this is a fibration for which L is
fibered over the equator S1 ⊂ S2 of the base. In particular, the intersection
of L and a fiber above a point θ ∈ S1 on the equator is an embedded closed
curve bounding the families D1(θ),D2(θ) ⊂ S2 of symplectic disks of Maslov
index 2.
In [13], K. Cieliebak and M. Schwingenheuer gave the following criterion for
when a Lagrangian torus L ⊂ S2×S2 is Hamiltonian isotopic to the Clifford
torus:
• The above fibration p admits two symplectic sections σ1, σ2 satisfy-
ing the additional properties that
(i) the sections σi, i = 1, 2, are disjoint from L and do not inter-
sect, and
(ii) the section σi passes through the disk Di(θ) for each i = 1, 2.
Their result was proven using a more sophisticated version of the inflation
technique described here in Section 6.1.
Observe that Theorem D provides symplectic sections σi, i = 1, 2, satisfying
Condition (i), but that (ii) is not necessarily satisfied.
Using Corollary E, any monotone Lagrangian torus L ⊂ S2 × S2 can be
Hamiltonian isotoped into the product of annuli
(T ∗1/4πS
1× T ∗1/4πS1, dλS1 ⊕ dλS1) ∼= ((S2 \ {0,∞})× (S2 \ {0,∞}), ω1 ⊕ω1).
Here TrS
1 = R/2πZ× (−r, r) and λS1 = p dθ, where p denotes the standard
coordinate on the (−r, r)-factor, and θ : S1 → R/2πZ denotes the standard
angular coordinate.
Moreover, it is readily seen that both Conditions (i) and (ii) above are
satisfied in the case when Case (1) in Remark 1.2 holds, i.e. when the map
H1(L)→ H1(T ∗1/4πS1×T ∗1/4πS1) is an isomorphism. Namely, by Theorem D
we construct a symplectic fibration p for which the two spheres {0,∞}×S2
are fibers, while the two spheres S2 × {0,∞} are sections. By topological
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reasons it now follows that the latter sections in fact fulfill Conditions (i)
and (ii).
To conclude, the case which remains to be treated in order to provide a clas-
sification of monotone Lagrangian tori in (S2×S2, ω1⊕ω1) up to Hamiltonian
isotopy is when Case (2) of Remark 1.2 is satisfied. In other words, the case
when the torus L ⊂ T ∗1/4πS1× T ∗1/4πS1 satisfies the property that the image
of H1(L) is generated by the diagonal class of H1(T
∗
1/4πS
1 × T ∗1/4πS1) =
H1(T
∗
1/4πS
1)⊕H1(T ∗1/4πS1).
1.4. Strategy of the proof. The main results in this paper are shown by
considering limits of pseudoholomorphic foliations under the splitting con-
struction from [16], where this construction has been applied to a hypersur-
face of contact type corresponding to an embedding of the unit normal bun-
dle of the Lagrangian torus L. The latter hypersurface is contactomorphic
to the unit cotangent bundle S∗L, and its existence follows by an elementary
application of Weinstein’s Lagrangian neighborhood theorem carried out in
Section 2.1. The limits of pseudoholomorphic curves under this construction
consists of so-called pseudoholomorphic buildings contained inside the split
symplectic manifold
(X \ L,ω) ∪ (T ∗L, dλ)
of two components, where each component has non-compact cylindrical
ends.
For the symplectic manifolds (X,ω) under consideration, the existence of
pseudoholomorphic foliations was established by Gromov [25]. The com-
pactness theorem for spaces of pseudoholomorphic curves under the splitting
construction was shown in [6] by F. Bourgeois, Y. Eliashberg, H. Hofer, C.
Wysocki, and E. Zehnder, and independently in [11] by K. Cieliebak and K.
Mohnke; see Theorem 2.2 for the formulation that we will be using.
Roughly speaking, the compactness theorem states that sequences of pseu-
doholomorphic curves converge to a split pseudoholomorphic curve (also
called pseudoholomorphic building) when performing the splitting construc-
tion. We refer to Section 2.4 for the definition for a split curve, which
consists of a number of pseudoholomorphic curves contained in the different
components of the above split symplectic manifold.
The Hamiltonian isotopy provided by Theorem C, which places a given La-
grangian torus inside the complement of the standard holomorphic divisor
D∞, is constructed by finding a suitable pseudoholomorphic divisor in the
complement of the torus. Gromov’s classification of pseudoholomorphic fo-
liations [25], together with the classical result Corollary 3.7, can then be
used to construct the sought Hamiltonian isotopy of the torus into the com-
plement of the standard divisor. The existence of the pseudoholomorphic
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divisor follows since most limits of the leaves of the foliation will be non-
split spheres. (A sphere which is not split is a compact pseudoholomorphic
sphere contained inside X \ L.) Here we rely on the additivity of the Fred-
holm index together with a transversality result. We refer to Section 3.3 for
more details.
The Lagrangian isotopy connecting any two given Lagrangian tori in Theo-
rem A is proven by a further study of the above limit of the pseudoholomor-
phic foliations. Namely, we show that the split pseudoholomorphic spheres
contain a designated component in X \ L which is a pseudoholomorphic
plane. Furthermore, the plane is of expected dimension one and cannot
bubble – it’s moduli space is compact. By the choices made in the splitting
construction, this plane is moreover asymptotic to a geodesic on L for the flat
metric. The totality of the one-dimensional family of such planes is shown
to form a smoothly embedded solid torus having boundary equal to L. Here
we need the automatic transversality result [55] by C. Wendl together with
the asymptotic intersection results shown in [28] by R. Hind and S. Lisi.
We also make heavy use of positivity of intersection for pseudoholomorphic
curves; see the work [36] by D. McDuff.
Observe that a smooth isotopy of the Lagrangian torus to a standard rep-
resentative can be constructed using the produced solid torus. In order to
upgrade this to a Lagrangian isotopy, we must in addition ensure that the
characteristic distribution of the above solid torus induces a trivial mon-
odromy map on its symplectic disk leaves; such a solid torus is foliated by
Lagrangian tori together with its core circle. As shown by Theorem 6.1,
the existence of a Lagrangian isotopy now follows. The needed modifica-
tion of the solid torus is performed using Theorem 6.2, which is based upon
the explicit construction in Lemma 6.7. However, we must first apply the
so-called inflation technique provided by Theorem 6.3. Inflation guarantees
that there is enough space in order to perform the modification.
1.5. Acknowledgments. All three authors are deeply grateful to Yakov
Eliashberg for sharing his insight concerning both the problem and the tech-
niques from symplectic field theory. His guidance has been crucial.
2. The splitting construction
Let (X,ω) denote either (CP 2, ωFS) with the Fubini–Study symplectic form,
or the monotone (S2×S2, ω1⊕ω1) endowed with the split symplectic form,
and let L ⊂ (X,ω) be a Lagrangian torus. Consider a hypersurface of con-
tact type which is contactomorphic to the unit cotangent bundle S∗L, and
which represents an embedding of the unit normal bundle of L. The central
idea used in this paper is to study the symplectic topology of L by applying
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the splitting construction to this hypersurface, sometimes also called stretch-
ing the neck, and then to study the obtained limits of pseudoholomorphic
spheres in X. The splitting construction was first described in [16, Section
1.3] in the setting of symplectic field theory. Below we present the details
of this procedure and give a survey of known facts specialized to the case at
hand; for more details we refer to [16], [6] and [11].
The splitting construction applied to the unit normal bundle of a Lagrangian
submanifold has previously been used in [16, Theorem 1.7.5], [27], [14],
[28], and [10], among others. Manifestly, it is an efficient tool for obtaining
strong obstructions to Lagrangian embeddings inside uniruled symplectic
manifolds.
2.1. Preliminaries. We fix coordinates (θ1, θ2, p1, p2) = (θ,p) on T
∗T2 =
(S1)2×R2, where θi : S1×S1 → R/2πZ denotes the standard angular coor-
dinate coordinate on the i:th S1-factor, while pi is the standard coordinate
on the i:th R-factor, i = 1, 2. The Liouville one-form can then be written as
λ = p1dθ1 + p2dθ2 ∈ Ω1(T ∗T2),
and dλ is the canonical symplectic form on T ∗T2. For each r > 0 we also
consider the open co-disk bundle
T ∗r T
2 = {||p|| < r} ⊂ T ∗T2,
as well as the corresponding co-sphere bundle S∗rT2 = ∂T ∗r T2 = {||p|| = r}.
The hypersurface S∗rT2 ⊂ (T ∗T2, dλ) is a hypersurface of contact type, since
the vector field p1∂p1 + p2∂p2 symplectically dual to the Liouville-form λ
is transverse to it. This means that the pull-back α = λ|T (S∗rT2) of λ is a
contact form, i.e. α ∧ dα is a volume form. We also write
(S∗T2, α0) := (S∗1T
2, λ|T (S∗
1
T2))
for the corresponding contact form on the spherical cotangent bundle.
Using the identification S∗T2 = (S1)2 × S1 ⊂ (S1)2 × R2, with the angular
coordinate θ on the last factor S1 ⊂ R2 (the fiber), we can write the contact
form as α0 = cos(θ)dθ1 + sin(θ)dθ2. A choice of contact form induces the
so-called Reeb vector field R on S∗T2, which is uniquely determined by
the equations iRα0 = 1 and iRdα0 = 0. In our case we have Rθ0,θ =
cos(θ)∂θ1 + sin(θ)∂θ2 .
The canonical projection S∗T2 → T2 induces a one-to-one correspondence
between the Reeb orbits of R and oriented geodesics on T2 for the flat metric
obtained by pushing forward the Euclidean metric under the covering map
R2 → R2/(2πZ)2 = T2. The periodic Reeb orbits (of different multiplici-
ties) correspond to θ for which tan(θ) ∈ Q ∪ {∞} and form 1-dimensional
manifolds. Furthermore, these manifolds of orbits are non-degenerate in the
Morse–Bott sense; see [5].
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Since the Bott manifolds of periodic oriented geodesics on T2 correspond
bijectively to the non-zero homology classes η ∈ H1(T2)\{0}, the analogous
statement thus holds for the families of periodic Reeb orbits as well. We
use Γη ∼= S1 to denote the family of periodic Reeb orbits projecting to the
oriented geodesics in homology class η ∈ H1(T2) \ {0}.
By Weinstein’s Lagrangian neighborhood theorem originally proven in [53]
(also, see [37]), any Lagrangian embedding ψ : L →֒ (X,ω) can be extended
to a symplectic embedding
Ψ : (T ∗4ǫL, dλ) →֒ (X,ω),
Ψ|0L = ψ,
of a neighborhood T ∗4ǫL ⊂ T ∗L, ǫ > 0, of the zero-section 0L ⊂ T ∗L. In
this way, any Lagrangian embedding L →֒ (X,ω) gives rise to an embedding
Ψ(S∗3ǫL) ⊂ (X,ω) of its unit normal bundle as a hypersurface of contact
type. This hypersurface divides the symplectic manifold (X,ω) into two
components diffeomorphic to X \ L and T ∗T2, respectively.
2.2. Symplectic manifolds with cylindrical ends. Let (Y, α) be a con-
tact manifold. The symplectization of Y is the symplectic manifold (R ×
Y, d(etα)), where t is the coordinate on the factor R.
We now define the notion of a non-compact symplectic manifold with cylin-
drical ends. This is a symplectic manifold (W,ω) containing a compact do-
main W with contact boundary, for which the complement (W \ intW,ω),
is symplectomorphic to half symplectizations
((−∞, A] × Y−, d(etα−)),
([B,+∞)× Y+, d(etα+)).
Here either of Y±, but not both, may be empty. These half-cylinders are
called the concave and convex cylindrical ends of (W,ω), respectively. In
our case both the contact manifolds Y± as well as the symplectic manifold
W will always be connected.
A compatible almost complex structure J on the symplectization (R ×
Y, d(etα)) is called cylindrical given that
• J is translation invariant,
• J∂t is the Reeb vector field associated to α, and
• J(kerα) = kerα.
On a symplectic manifold with cylindrical ends, we will always consider tame
almost complex structures that are cylindrical outside of a compact subset.
Such almost complex structures exist and form a contractible space by a
standard result [25].
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In this paper only the following symplectic manifolds with cylindrical ends
are considered:
Example 2.1. (i) The cotangent bundle (T ∗T2, dλ). This is an exact
symplectic manifold having a single convex cylindrical end over the
contact manifold (S∗T2, α0);
(ii) The symplectization (R×S∗T2, d(etα0)). This is an exact symplec-
tic manifold having a single convex cylindrical end together with
a single concave cylindrical end, both over the contact manifold
(S∗T2, α0).
(iii) The symplectic manifold (X \ L,ω). This is a symplectic manifold
with a single negative cylindrical end over the contact manifold
(S∗T2, α0). To that end, we note that there is an exact symplecto-
morphism
(R× S∗T2, d(etα0))
∼=−→ (T ∗T2 \ 0L, dλ),
(t,θ,p) 7→ (θ, etp)
identifying the symplectization with the complement of the 0-section
in the cotangent bundle.
2.3. Punctured pseudoholomorphic spheres. Let (W,ω) be a symplec-
tic manifold with convex and concave cylindrical ends over the contact ma-
nifolds (Y+, α+) and (Y−, α−), respectively. Let J be a tame almost complex
structure on W which is cylindrical on its ends. A punctured pseudoholo-
morphic sphere in (W,ω) consists of the following data:
• The Riemann sphere (S2, i) with distinct points Z = {z1, . . . , zn} ⊂
S2, called punctures. We denote by S˙2 := S2 \Z the corresponding
punctured Riemann sphere.
• A proper pseudoholomorphic map φ : S˙2 → W that satisfies a
non-linear Cauchy-Riemann equation dφ ◦ i = J ◦ dφ;
• A (not necessarily simple) periodic Reeb orbit γk ∈ (Y±, α±) as-
signed to each of the punctures zk, k = 1, . . . , n; the Reeb orbit is
parametrized by integrating the Reeb vector field, and we denote
by Tk > 0 the period of γk. Observe that each Reeb orbit γk lives
in either the convex or concave cylindrical end; in the former case
zk is called a positive puncture of φ, while in the latter case it is
called a negative puncture of φ.
• The above map φ is finally required to be asymptotic to γk at each
puncture zk in the following sense. In local holomorphic coordinates
D2 \ {0} ⊂ C near each puncture zk, we can write φ = (a, u) :
D2 \ 0 → R × Y±, where limρ→0 a(ρeiθ) = ∞ (resp. −∞) and
limρ→0 u(ρeiθ) = γk(Tkθ) (resp. γk(−Tkθ)) holds given that zk is
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a positive (resp. negative) puncture. These limits are required to
hold in the uniform metric.
It is shown in [30], [31] that a proper pseudoholomorphic sphere satisfies
the above asymptotic properties if and only if its so-called Hofer energy is
finite. Pseudoholomorphic spheres as above are therefore usually called finite
energy spheres. All pseudoholomorphic spheres considered in this paper will
be assumed to be of finite energy.
A pseudoholomorphic sphere having a single puncture will be referred to as
a plane while a pseudoholomorphic sphere having precisely two punctures
will be referred to as a cylinder.
We note that the symplectic area 0 <
∫
φ ω ≤ +∞ of a non-constant punc-
tured pseudoholomorphic curve is positive (and finite if and only if it has
no positive puncture). Moreover, inside the symplectization (R× Y, d(etα))
endowed with a cylindrical almost complex structure, a punctured pseudo-
holomorphic curve has a non-negative dα-energy, a quantity defined by the
integral
0 ≤
∫
φ
dα = ℓ(γ+1 ) + . . .+ ℓ(γ
+
k+
)− (ℓ(γ−1 ) + . . .+ ℓ(γ−k−)).
Here, we have used {γ±i } to denote the positive and negative punctures of
φ, and
ℓ(γ±i ) :=
∫
γ±i
α > 0
for the length of a Reeb orbit. The expression for the dα-energy in terms of
the Reeb orbit lengths is a simple application of Stokes’ theorem. Recall the
standard fact that the dα-energy vanishes if and only if φ is either a trivial
pseudoholomorphic cylinder R × γ ⊂ R × Y over a periodic Reeb orbit γ,
or a (possibly branched) multiple cover of such a cylinder. Namely, the
tameness of a cylindrical almost complex structure restricted to the contact
planes implies that dα pulls back to a positive form wherever the curve is
not tangent to the Reeb vector field.
2.4. Split pseudoholomorphic curves. A punctured nodal sphere is a
finite union of Riemann spheres together with a finite set of punctures, a
designated subset of which are called nodes. A fixed-point free involution
of the nodes is also part of the data of a punctured nodal sphere (and
in particular there is an even number of nodes), and we require that the
manifold obtained by performing connected sums at all pairs of nodes related
by the involution is a sphere.
A pseudoholomorphic building or a split pseudoholomorphic curve inside the
split symplectic manifold
(X \ L,ω) ⊔ (T ∗L, dλ)
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is a collection of punctured holomorphic spheres, parametrized by a punc-
tured nodal sphere, with each punctured sphere pertaining to a certain sym-
plectic manifold with cylindrical ends called a level. Fix a tame almost com-
plex structure Jcyl on (R × S∗L, d(etα0)) and let J∞ and J denote tame
almost complex structures on X \ L and T ∗L coinciding with a cylindrical
almost complex structure Jcyl outside of a compact subset of their respec-
tive cylindrical ends. In our case, the components of the building and the
corresponding manifolds are as follows.
• Top level: A finite number of punctured J∞-holomorphic spheres
in X \ L.
• Middle levels: A finite (possibly zero) number of consecutive or-
dered levels, each level consisting of a non-zero number of punc-
tured Jcyl-holomorphic spheres in R×S∗L. Every level is moreover
required to contain at least one component which is not a trivial
cylinder over a periodic Reeb orbit.
• Bottom level: A finite (possibly zero) number of punctured J-
holomorphic spheres in T ∗L.
In addition, the enumeration of the levels is required to satisfy the following
properties. Two components of the nodal sphere containing an orbit of
the involution (i.e. which share a node) belong to two consecutive levels i
and i+ 1, where their respective parametrizations φi and φi+1 are required
to satisfy the following behavior near the node. The node is a positive
and negative puncture of φi and φi+1, respectively, asymptotic to the same
parametrized periodic Reeb orbit in (S∗L,α0).
The properties of a pseudoholomorphic building imply that the components
in the top level X \L can be completed by adding chains in L obtained from
the images of the remaining components under the projections R×S∗L→ L
and T ∗L → L (suitably compactified at each puncture). In the case when
all of the punctures of the components of the building correspond to nodes,
such a split curve is called a split sphere. In this manner we produce a
cycle in X and, by the homology class of a split sphere we mean the latter
homology class.
By pseudo-convexity and exactness, it follows that the middle and bottom
levels may not contain any (non-constant) component without punctures.
In other words, any split sphere must have a component in the top level. In
addition, the following crucial property is also satisfied for split spheres in
the case under consideration. Since every periodic Reeb orbit in (S∗T2, α0)
is induced by the flat metric on T2, it is non-trivial in homology even when
considered inside S∗T2 = ∂T ∗1T2 ⊂ T ∗1T2. It hence follows by the asymptotic
properties for a punctured pseudoholomorphic sphere that any component
inside the middle and bottom levels must have at least two punctures.
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A split sphere consisting of more than one non-empty level will be called
broken. A consequence of the above discussion is that a broken split sphere
must consist of at least two components in its top level that are planes. On
the contrary, a split sphere will be called non-broken if it consists of a single
component; this component necessarily lives inside the top level and has no
punctures (i.e. it is an ordinary pseudoholomorphic sphere).
2.5. Producing a split symplectic manifold by stretching the neck.
Here we describe the splitting construction in the special case when the con-
tact hypersurface is taken to be the unit cotangent bundle of a Lagrangian
embedding of a torus. Let L ⊂ (X,ω) be a Lagrangian torus, and fix an
identification of a Weinstein neighborhood of L in (X,ω) given by the sym-
plectic embedding
Ψ: (T ∗4ǫT
2, dλ) →֒ (X,ω),
which restricts to the embedding of L along the zero-section 0T2 ⊂ T ∗T2;
see Section 2.1 for more details. Also, consider the induced dividing hyper-
surface Ψ(S∗3ǫT
2) ⊂ (X,ω) of contact type. After rescaling all symplectic
forms by multiplication with 1/ǫ, it suffices to consider the case ǫ = 1.
In Section 4 we construct an explicit cylindrical almost complex structure
Jcyl on (R × S∗1T2, d(etα0)) ∼= (T ∗T2 \ 0T2 , dλ), as well as an explicit tame
almost complex structure Jstd on T
∗T2 coinciding with Jcyl outside of the
subset T ∗2T
2 ⊂ T ∗T2.
Using these explicitly defined almost complex structures, we fix a tame al-
most complex structure J∞ on (X \ L,ω) coinciding with Jcyl in the coor-
dinates near L given by Ψ above. We then consider a family Jτ , τ ≥ 0,
of tame almost complex structures on (X,ω) determined uniquely by the
following properties:
• In the complement of Ψ(T ∗4T2) ⊂ X, we have Jτ ≡ J∞ for all τ ≥ 0;
• Inside Ψ(T ∗2T2) ⊂ X, we have Jτ ≡ Jstd for all τ ≥ 0; and
• Inside Ψ(T ∗4T2 \T ∗2T2) ⊂ X, using the above exact symplectic iden-
tification of (T ∗4T
2 \ T ∗2T2, dλ) with
([log 2, log 4)× S∗T2, d(etα0))
(see Part (3) of Example 2.1) we identify Jτ with the pull-back of
Jcyl under a diffeomorphism induced by an identification
[log 2, log 4) ∼= [log 2, log 4 + τ)
of the first factor.
The compactness theorem [25], [31], [6], [12] shows that sequences of Jτ -
holomorphic spheres in X have convergent subsequences to split pseudo-
holomorphic spheres in the following sense as τ →∞ .
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Theorem 2.2 ([6], [12]). Consider a sequence ui of Jτi-holomorphic spheres
in (X,ω) in a fixed homology class A ∈ H2(X), where τi → +∞ as i→∞.
There exists a subsequence that converges to a pseudoholomorphic building
in the split symplectic manifold
(X \ L,ω) ⊔ (T ∗L, dλ)
endowed with the almost complex structures J∞ and Jstd, respectively, which
is a split sphere in the homology class A. Moreover, the subsequence is C∞-
uniformly convergent on compact subsets of the complement of the nodes of
the limit domain (this is a nodal sphere).
We refer to the two cited papers for detailed statements.
3. Index computations and the proof of Theorem C
Theorem C is proven by analyzing the dimensions of the moduli spaces of
the components of a split sphere in the case when its homology class is
one of minimal symplectic area. Recall that the expected dimension of a
moduli space is given by the Fredholm index of the corresponding linearized
problem, where the linearization is performed at a solution in the moduli
space. For that reason we start by recalling properties of the Fredholm index
for punctured pseudoholomorphic spheres in the symplectic manifolds under
consideration.
When talking about the Fredholm index of an asymptotic problem, we al-
ways consider the problem with unconstrained ends in the Bott manifold
of periodic Reeb orbits. In the case of a transversely cut out solution, this
index is hence equal to the dimension of the moduli space of unparametrized
curves in a neighborhood of this solution, for which the ends moreover are
allowed to move freely inside the Bott manifolds.
3.1. The Fredholm index. In the following we let (W,ω) be a non-compact
symplectic manifold with cylindrical ends over (S∗T2, α0), as described in
Section 2.2. Fix the choice of a symplectic trivialization Φ of the contact
planes kerα0 on the cylindrical ends. Observe that there is an induced
symplectic trivialization of TW = T (R × S∗T2) ∼= C ⊕ kerα0 on the cylin-
drical ends. We denote by cΦ1,rel the relative first Chern class of the complex
bundle TW →W determined by this trivialization. Concretely, for a punc-
tured pseudoholomorphic curve u : Σ˙ → W , the number cΦ1,rel(u) is defined
to be the algebraic number of zeroes of a generic section of the line bundle
u∗(TW ) ∧C u∗(TW )→ Σ˙, where we require the section to be constant and
non-vanishing close to the punctures with respect to the trivialization of
u∗(TW ) ∧C u∗(TW ) induced by Φ.
For a Bott manifold Γ of Reeb periodic orbits, together with a complex
trivialization Φ of the contact planes kerα0 along Γ, recall the definition
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of the Conley–Zehnder index given in e.g. [55, Section 3.2]. In the non-
degenerate case, i.e. when dimΓ = 0, this index is the classical Conley–
Zehnder index defined in e.g. [43, Remark 5.3]. In the degenerate case the
index is defined by, first, perturbing the degenerate asymptotic operator
corresponding to the linearized Reeb flow by adding the linear operator
ǫ1lkerα0 for sufficiently small number ǫ > 0 and, second, computing the
classical Conley–Zehnder index for the perturbed problem (which now is
generic). The resulting index will be denoted by µΦCZ(Γ; ǫ) ∈ Z.
The Conley–Zehnder index was also generalized directly to the degenerate
case in [43], and is then usually called the Robbin–Salamon index RSΦ(Γ).
In the current setting where dimΓ = 1, we have the identity
µΦCZ(Γ; ǫ) = RS
Φ(Γ) + 1/2
relating these two indices.
The Fredholm index for a punctured pseudoholomorphic sphere in the cur-
rent setting is well known; see e.g. [5], [55, (2.1)], [28, Theorem 7.1], or [10,
(3)]. Assume that the almost complex structure is cylindrical with respect
to the contact form α0 on the cylindrical ends of (W,ω). Assume that we are
given a punctured pseudoholomorphic sphere u : S˙2 → W having positive
punctures asymptotic to periodic Reeb orbits in the families Γ+1 , . . . ,Γ
+
k+
and negative punctures asymptotic to periodic Reeb orbits in the families
Γ−1 , . . . ,Γ
−
k−
. Its Fredholm index is then given by
(1) ind(u) = −2+k++k−+
k+∑
i=1
µΦCZ(Γ
+
i ; ǫ)−
k−∑
i=1
(µΦCZ(Γ
−
i ; ǫ)−1)+2cΦ1,rel(u),
for any choice of trivialization Φ as above.
In the case when the symplectic manifold (W,ω) under consideration has
a single concave end, the index formula can be seen to take the follow-
ing convenient form. Observe that such a symplectic manifold is of the
form (W,ω) = (X \ L,ω) for a closed symplectic manifold (X,ω), where
L ⊂ (X,ω) is a Lagrangian torus. The appropriate compactification of a
punctured pseudoholomorphic sphere u in X \ L having punctures asymp-
totic to the families Γ1, . . . ,Γk of Reeb orbits produces a surface u in X
having boundary on L, where the boundary components of this compactifi-
cation moreover are equal to the geodesics corresponding to these asymptotic
orbits. A standard calculation (see [52] or [10, Lemma 2.1]) shows that the
Maslov class µL ∈ H2(X,L) of L evaluates to
(2) µL(u) = −
∑
i
(µΦCZ(Γ; ǫ)− 1) + 2cΦ1,rel(u)
given any trivialization Φ of the contact planes as specified above.
We proceed with the following standard calculation of the Conley–Zehnder
index.
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Lemma 3.1. Let (W,ω) denote either the symplectic manifold (T ∗T2, dλ) or
(R×S∗L, d(etα0)). Using the complex trivialization Φ of the contact planes
induced by complexifying the trivialization of T2, it follows that cΦ1,rel(u) = 0
holds for all punctured curves, while the Conley–Zehnder index of any Bott
manifold of periodic Reeb orbits satisfies µΦCZ(Γ; ǫ) = 1.
Proof. This index computation has been carried out in e.g. [28, Appendix
A]. One can either perform a direct computation, or use the fact that the
Robbin–Salamon index relates to the Morse index ιµ and nullity ιν of the
corresponding geodesics on L via the formula
µΦCZ(Γ; ǫ) = RS
Φ(Γ) + 1/2 = ιµ + (1/2)ιν + 1/2
in [9, Equation 60]. In the case under consideration we have ιµ = 0, since
each geodesic is of minimal length in its homology class, while ιν = dimΓ =
1. 
3.2. Non-negativity results. In the four-dimensional setting that we are
considering here, the Fredholm index tends to be non-negative (at least
generically). In this section we establish several results of this type. We
start with the following direct application of the index Formula (1) together
with Lemma 3.1.
Lemma 3.2. A punctured pseudoholomorphic sphere u with unconstrained
ends in either T ∗L or R×S∗L, having k− negative and k+ positive punctures,
has Fredholm index
(3) ind(u) = −2 + 2k+ + k−.
Since there are no contractible Reeb orbits, k++k− ≥ 2, and this index thus
is always positive.
The following non-negativity result will also be crucial.
Lemma 3.3. Under assumption of regularity of J∞ for somewhere injective
curves in the complement X \L, we have ind(u) ≥ 0 for any punctured pseu-
doholomorphic sphere. Moreover, if the domain of u is a plane, it follows
that ind(u) ≥ 1, while ind(u) ≥ 3 holds in the case when this plane is a
non-trivial branched cover.
Proof. If u is a punctured J∞-holomorphic curve which is somewhere injec-
tive then, by our assumption of regularity, it follows that ind(u) ≥ 0. We
are left to consider the case of a punctured sphere u˜ being a d-fold branched
cover of a simply covered punctured sphere u. Write
b :=
∑
p
(mp − 1),
where the sum is taken over all branch points counted with multiplicities
mp > 1. Let ku and ku˜ be the number of punctures of u and u˜, respectively.
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By the Riemann–Hurwitz formula we have 2 = d2 − b, and one checks
that the number of punctures satisfies dku − ku˜ ≤ b. Since the Maslov
class evaluates to µL(u) = dµL(u˜) on the corresponding compactifications,
Formula (2) together with index Formula (1) now gives the inequality
ind(u˜) =
= −2 + ku˜ + µL(u˜)
= d(−2 + µL(u)) + ku˜ + b
≥ d(−2 + ku + µL(u)) = d ind(u) ≥ 0,
which establishes the first claim.
We finish by considering the case when u is a plane. Since L is orientable,
the Maslov class evaluated on its compactification is even. By Formulas (2)
and (1), together with ind(u) ≥ 0, we conclude that µL(u) ≥ 2 and hence
ind(u) ≥ 1. In the case when u is a non-trivial branched cover of a plane,
we moreover conclude that µL(u) ≥ 4 and hence ind(u) ≥ 3. 
As a simple consequence we now obtain:
Lemma 3.4. Any pseudoholomorphic plane inside X\L of index 1 is simply
covered. If this plane, moreover, is contained inside (X \D∞, ω) ⊂ (R4, ω0),
then its asymptotic orbit is also simply covered.
Proof. The first statement is simply a reformulation of Lemma 3.3. The sec-
ond statement follows from Formula (1) for the Fredholm index, expressed
in terms of the Maslov index using Formula (2), together with an applica-
tion of the connecting isomorphism H2(R
4, L)
≃−→ H1(L) in the long exact
sequence of a pair. 
Combining the above results with the fact that there are no contractible
Reeb orbits, we obtain the following crucial restriction on the components
of a split pseudoholomorphic sphere.
Proposition 3.5. Assume that we are given a generic choice of a tame
almost complex structure J∞ on X \ L as above, and consider a split pseu-
doholomorphic sphere which:
• In the case X = S2 × S2 is in either of the homology classes
A1, A2 ∈ H2(S2×S2), corresponding to [S2×{pt}] and [{pt}×S2],
respectively; or
• In the case of X = CP 2 is in the homology class of the generator
of H2(CP
2) in degree one, while this building moreover is required
to pass through a fixed generic point p ∈ CP 2 \ L.
In either case, each component of this split sphere is either a plane or a
cylinder. Moreover, a plane in such a building has Fredholm index equal to
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1, a cylinder in X \L has Fredholm index equal to 0, while a cylinder in T ∗L
has Fredholm index equal to 2. (For the component in X = CP 2\L satisfying
the point constraint at p, we mean the Fredholm index for an unparametrized
solution required to pass through this point.)
Proof. First we note that the Fredholm index for a non-split such sphere
u : S2 → X in the specified homology class A ∈ H2(X) is equal to
−2 + 2c1([u]) = 2
in the case of X = S2 × S2, while it is equal to
−2 + 2c1([u]) = 4
in the case of X = CP 2. Observe that the Fredholm index hence is equal to
2 in the latter case as well, given that we consider the problem satisfying the
point constraint at p ∈ CP 2\L. In the following we consider the constrained
problem in the latter case. (From the point of view of the Fredholm index,
this can be achieved by considering a blow-up of the manifold at the point p.
Observe that the value of the above Chern class is decreased by one under
this operation.)
Consider a building consisting of the components u1, . . . , uN in the different
levels, and which lives in the homology class A ∈ H2(X). It is immediate
from the definition of the relative Conley–Zehnder index that
N∑
i=1
cΦ1,rel(ui) = c1(A),
where the right hand side denotes the ordinary first Chern class.
By the definition of a pseudoholomorphic building, every asymptotic of ui
corresponding to a positive (resp. negative) puncture is also the asymptotic
of some uj, j 6= i, as a negative (resp. positive) puncture. Moreover, the
components glue together topologically to form a sphere. Using these facts,
we compute that
(4)
N∑
i=1
ind(ui) = −2− (N − 1)2 + 3K + 2c1(A) = −2 + 2c1(A) +K,
where K is the total number of asymptotic Reeb orbits of the components
appearing in the building. For the last equality we have used the identity
N − 1 = K, which follows from the assumption that the components glue
together to form a sphere, whose Euler characteristic thus can be computed
as
χ(S2) = 2 = N −K + 1.
By vi, i = 1, . . . , N1 we denote the components in the top level X \L, while
by wi, i = 1, . . . , N2 we denote the components in the remaining levels.
Clearly N1 + N2 = N holds. The formula for the Conley–Zehnder index
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given in Lemma 3.2, together with the index Formula (3), now gives the
equality
N2∑
i=1
ind(wi)−K = −
N2∑
i=1
χ(wi),
where χ(wi) denotes the Euler characteristic of the punctured sphere being
the domain of wi. Together with Formula (4) we then compute the identity
N1∑
i=1
ind(vi)−
N2∑
i=1
χ(wi) = −2 + 2c1(A) = 2
relating the Fredholm indices of the components in the top level and the
Euler characteristic of the components in the remaining levels.
Since there are no contractible periodic Reeb orbits in (S∗L,α0), we nec-
essarily have χ(wi) ≤ 0. The statement can finally be seen to follow by
combining the non-negativity of the indices provided by Lemma 3.3, to-
gether with a topological consideration using the fact that all components
join to form a sphere. 
3.3. Proof of Theorem C. We are now ready to prove Theorem C in
the two cases (X,ω) = (S2 × S2, ω1 ⊕ ω1) and (CP 2, ωFS). First we state
the following technique, which allows us to pass from smooth isotopies of
symplectic hypersurfaces to Hamiltonian isotopies.
Proposition 3.6 (Proposition 0.3 in [45]). A smooth isotopy Σt ⊂ (X4, ω),
t ∈ [0, 1], of a symplectic surface can be generated by a Hamiltonian isotopy,
i.e. Σt = φ
t
Ht
(Σ0) for some Ht : X → R. Given a closed subset V ⊂ X
which possesses a neighborhood U ⊂ X in which Σt ∩ U = Σ0 ∩ U is fixed
for all t ∈ [0, 1], we may moreover assume that Ht|V ≡ 0 holds.
By a nodal symplectic surface we mean a symplectic immersion of a closed
surface having a finite number of transverse double points – so called nodes,
for which the local intersection number defined at each node moreover is
required to be positive. The above proposition has the following corollary
concerning families of nodal symplectic surfaces.
Corollary 3.7. A smooth (ambient) isotopy Σt ⊂ (X4, ω), t ∈ [0, 1], of
nodal symplectic surfaces can be generated by a Hamiltonian isotopy, i.e. Σt =
φtHt(Σ0), after a deformation of the family Σt supported inside an arbitrarily
small neighborhood of the nodes.
Proof. After an appropriate deformation it suffices to consider the case when
the family Σt is constant near the nodes, after which the statement becomes
a direct consequence of Proposition 3.6. To find the required deformation,
we follow these steps:
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Step 1: Any path γ : I → X can be generated by a Hamiltonian isotopy,
i.e. γ(t) = φtHt(γ(0)). This means that we can assume the nodes to be fixed
during the isotopy;
Step 2: Given smooth a family t 7→ Pt ⊂ Tγ(t)X of linear symplectic 2-
planes, the above Hamiltonian isotopy may moreover be assumed to satisfy
Pt = Dφ
t
Ht
(P0). This means that we moreover can assume one of the tangent
planes of the surface at each node to be fixed during the isotopy; and
Step 3: The linear symplectic 2-planes that are transverse to a given sym-
plectic 2-plane in R4 consists of two contractible components (determined
by the sign of the intersection number of the planes). This means that we
can replace the node with any given standard model inside any arbitrarily
small neighborhood.
To construct the deformation in Step 3, one can apply a suitably cut-off
Hamiltonian isotopy of a punctured neighborhood of the node; this is a sub-
set ((−∞, A]×S3, d(etαstd)) of the symplectization of the standard contact
sphere for A≪ 0. The needed Hamiltonian isotopy can constructed by lift-
ing a contact isotopy of the standard contact sphere that acts suitably on
the link of the node; this is a transverse Hopf link inside the small contact
sphere ({A}×S3, αstd) given by its intersection with the symplectic surface.
Note that the deformation in Step 3 may change the Hamiltonian isotopy
class of the embedded nodal surface. Indeed, two nodes consisting of pairs
of symplectic planes intersecting positively and transversely need not be
symplectomorphic. 
3.3.1. In the case (X,ω) = (S2×S2, ω1⊕ω1). Recall the following classical
result in [25] due to M. Gromov. Given any tame almost complex structure
J on (S2 × S2, ω1 ⊕ ω1), there exists a unique embedded J-holomorphic
sphere in the homology class Ai, i = 1, 2, satisfying the requirement of
passing through any fixed point. Moreover, the moduli space MJ(Ai) of
J-holomorphic spheres in this homology class is two-dimensional and, by
positivity of intersections, provides a foliation of S2 × S2.
Perform a splitting construction along an embedding of the cosphere bundle
of L as described in Section 2.5. The compactness result in Theorem 2.2 can
be used to extract split spheres in the homology class Ai passing through
any given point in S2 × S2 \ L.
For a generic almost complex structure, somewhere injective curves are reg-
ular (see [38]). Given that J∞ on S2 × S2 \ L is regular, Proposition 3.5
above shows that that the components of a broken split sphere in either
of the classes Ai, i = 1, 2, only can fill a 3-dimensional stratified subspace
of S2 × S2 \ L. Indeed, a component in such a split sphere being a J∞-
holomorphic plane in S2 × S2 \ L is of index 1 and is hence not multiply
covered by Lemma 3.3. Since this plane is regular, it moreover lives inside
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a 1-dimensional moduli space. A component in such a split curve which
is a J∞-holomorphic cylinder in S2 × S2 \ L has index 0. While we have
not yet shown that it cannot be multiply covered, the underlying simple
J∞-holomorphic cylinder is regular and hence comes in a zero-dimensional
moduli space. In conclusion, since the totality of the broken split spheres
form a subset of real codimension 1 inside S2 × S2 \ L, we can find limits
ℓi ⊂ S2 × S2 \ L being non-broken split J∞-holomorphic spheres in each
of the homology classes Ai, i = 1, 2, satisfying appropriate generic point
constraints.
The nodal sphere ℓ1∪ℓ2 is pseudoholomorphic for some tame almost complex
structure on (S2×S2, ω1⊕ω1). We can hence use Gromov’s result, together
with the contractibility of the space of tame almost complex structures, in
order to produce a smooth family of nodal symplectic spheres connecting
ℓ1∪ ℓ2 and (S2×{∞})∪ ({∞}×S2) = D∞. Corollary 3.7 then produces the
sought Hamiltonian isotopy placing the torus L inside (S2 × S2 \D∞). 
3.3.2. In the case (X,ω) = (CP 2, ωFS). Recall the following classical result
in [25] due to M. Gromov. Given any tame almost complex structure J on
(CP 2, ωFS), there exists a unique embedded J-holomorphic sphere of degree
one passing through any fixed pair of distinct points. Moreover, the moduli
space MJ(p) of the degree one spheres that pass through the fixed point
p ∈ CP 2 is two-dimensional and, by positivity of intersections, provides a
foliation of CP 2 \ {p}.
We pick a Weinstein neighborhood of L disjoint from p, and perform a
splitting construction along an embedding of the cosphere bundle of L as
described in Section 2.5. The compactness result in Theorem 2.2 can be
used to extract a split sphere of degree one passing through the points
p, q ∈ CP 2 \ L, where q ∈ CP 2 \ L is arbitrary.
Analyzing the split spheres of degree one as in the case of S2×S2, we obtain
the following. Given that the choice of point p ∈ CP 2 \ L as well as the
almost complex structure J∞ were both generically chosen, Proposition 3.5
again implies that there are points in CP 2 \ L through which no broken
split sphere of degree one can pass. It follows that there exist limit J∞-
holomorphic spheres of degree one inside CP 2 \ L which are non-broken.
The Hamiltonian isotopy taking L into the complement of the line at infinity
D∞ ⊂ CP 2 is finally constructed as in the case (X,ω) = (S2 × S2, ω1 ⊕ ω1)
above, i.e. by again alluding to Gromov’s result and subsequently applying
Proposition 3.6. 
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4. Analysis of pseudoholomorphic curves inside T ∗T2
Following [32], we consider the tame almost complex structure Jstd on T
∗T2 =
T2 × R2 determined by
Jstd∂θi = −ρ(‖(p1, p2)‖)∂pi , i = 1, 2,
where ρ : R≥0 → R≥0 is a smooth function that is required to satisfy
• ρ(t) > 0 and ρ′(t) ≥ 0 for all t ≥ 0,
• ρ(t) = 1 for all 0 ≤ t ≤ 1, and
• ρ(t) = t for all t ≥ 2.
We begin with the following observations. In the neighborhood T ∗1T
2 ⊂
T ∗T2 of the zero-section, Jstd is given by the standard product complex
structure inherited from the universal cover C2 = T ∗R2 → T ∗T2. In the
subset T ∗T2 \ T ∗2T2 containing the convex cylindrical end, Jstd coincides
with an almost complex structure Jcyl which is cylindrical with respect to
the hypersurface (S∗T2, α0) ⊂ (T ∗T2, dλ) of contact type. This cylindrical
almost complex structure is determined by
Jcyl∂θi = −‖(p1, p2)‖∂pi , i = 1, 2,
on (T ∗T2 \ 0T2 , dλ) ∼= (R× S∗T2, d(etα0)) (see Part (3) of Example 2.1).
Lemma 4.1. The almost complex structure Jstd is tamed by the symplectic
form on (T ∗T2, dλ), while the almost complex structure Jcyl is compatible
with the symplectic form on (T ∗T2 \0T2 , dλ) and, moreover, cylindrical with
respect to α0.
Proof. Note that
Jcyl∂pi = ρ(‖(p1, p2)‖)−1∂θi , i = 1, 2,
is satisfied. The tameness of Jstd is now an easy matter to check.
Recall the identification S∗T2 = (S1)2×S1 ∋ (θ1, θ2, θ) for which the contact
form is given by α0 = cos(θ)dθ1 + sin(θ)dθ2, with the induced Reeb vector
field cos(θ)∂θ1 + sin(θ)∂θ2 . Using the identification in Part (3) of Example
2.1, it follows that
Jcyl∂t = cos(θ)∂θ1 + sin(θ)∂θ2 ,
where the identity
∂t = ‖(p1(t, θ), p2(t, θ))‖(cos(θ)∂p1 + sin(θ)∂p2)
has been used. Furthermore, since
∂θ = ‖(p1(t, θ), p2(t, θ))‖(− sin(θ)∂p1 + cos(θ)∂p2)
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we see that Jcyl preserves kerα0 ∩ TS∗T2. Indeed, 〈∂θ, Jcyl∂θ〉 = kerα0 ∩
TS∗T2 is a basis of the contact distribution which, moreover, is invariant
under translation of the t-coordinate.
Since the contact distribution is two-dimensional, the tameness actually im-
plies compatibility with dα0, and hence with dλ as well. In other words, Jcyl
is cylindrical as sought. 
It is possible to explicitly describe the moduli space of all Jstd-holomorphic
cylinders in T ∗T2. First, observe that for any non-zero element m =
(m1,m2) ∈ Z2 \ {0}, and points p ∈ R2 and θ ∈ T2, we can define the
immersed cylinder
umθ,p : R× S1 → T2 = S1 × S1 ×R2,
(t, θ) 7→ (θ +mθ,p+mt)
It can be checked that, for a suitable conformal structure on the domain, the
above cylinder becomes a finite energy two-punctured pseudoholomorphic
sphere. It is moreover the case that this cylinder has punctures asymptotic to
the two Reeb orbits in Γ±m corresponding to the two geodesics θ 7→ (θ±mθ)
on T2 living in the homology classes ±m ∈ Z2 = H1(T2). (Or, from an
alternative point of view, a single geodesic equipped with its two different
orientations.)
Given that ‖p‖ ≫ 0 is sufficiently large and that p and m are not collinear,
it follows that the above cylinder is contained inside (T ∗T2 \0T2 , dλ) ∼= (R×
S∗T2, d(etα0)). This cylinder is moreover holomorphic for the cylindrical
almost complex structure Jcyl.
It can be explicitly seen that the above cylinders form a foliation of T ∗T2
for each non-zero m ∈ Z2. We proceed to show that:
Lemma 4.2. All Jstd-holomorphic cylinders inside T
∗T2 of finite energy
are of the above form um
θ,p for some m ∈ Z2 \ {0}, θ ∈ T2, and p ∈ R2.
Proof. By topological reasons, any such pseudoholomorphic cylinder C ⊂
T ∗T2 must have punctures asymptotic to periodic Reeb orbits in the two
families Γ±m for some non-zero homology class m ∈ Z2 = H1(T2).
Assuming that C is not a cylinder of the above form, by genericity we can
find a cylinder um
θ0,p0
which intersects C in a discrete and non-empty set,
but whose two asymptotic orbits both are disjoint from those of C.
The cylinder C is arbitrarily C0-close to trivial cylinders over its asymptotic
Reeb orbits outside any sufficiently big compact subset, as follows by its
asymptotic properties. It can be explicitly seen that any cylinder um
θ0,p
for
an arbitrary p ∈ R2 is disjoint from the aforementioned trivial (semi-infinite)
half-cylinders. In other words, intersection points cannot escape to infinity
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and, using positivity of intersection, we conclude that C ∩ um
θ0,p0+sk
6= ∅
must hold for all s ∈ R and k ∈ R2.
Now take any k = (k1, k2) ∈ R2 that satisfies
det
(
m1 k1
m2 k2
)
6= 0,
and consider the family um
θ0,p0+sk
, s ∈ R. Since the cylinder um
θ0,p0+sk
can
be assumed to be contained outside of any given compact subset whenever
|s| ≫ 0 is chosen sufficiently large, we conclude that these cylinders are
disjoint from C in this case. This gives the sought contradiction. 
Corollary 4.3. Assume we are given two Jstd-holomorphic cylinders inside
T ∗T2 which are asymptotic to Reeb orbits corresponding to geodesics in the
non-zero homology classes ±(m1,m2) and ±(n1, n2) in Z2 ≃ H1(T2), re-
spectively. Unless the images of these cylinders coincide, they intersect in
an algebraic number ∣∣∣∣det(m1 n1m2 n2
)∣∣∣∣ = |m1n2 −m2n1|
of points. In particular, the two cylinders intersect in a non-empty and
discrete set whenever (m1,m2) and (n1, n2) are not collinear.
Lemma 4.4. Any Jcyl-holomorphic cylinder inside R×S∗T2 of finite energy
is of the above form in the case when it has two positive punctures, while it is
a trivial cylinder over a periodic Reeb orbit in the case when it has precisely
one positive puncture.
Proof. The case of cylinders having two positive punctures is treated as in
the case of T ∗T2.
By topological reasons, a cylinder having one positive and one negative
puncture must have both punctures asymptotic to Reeb orbits contained
in the same family. Since the dα0-energy of such a cylinder vanishes, the
projection to S∗T2 of the cylinder must be contained inside a periodic Reeb
orbit. 
5. Split spheres arising from a foliation of S2 × S2
Let L ⊂ S2 × S2 be a Lagrangian torus which is disjoint from the two lines
D∞ := (S2 × {p}) ∪ ({q} × S2). Recall that this imposes no restriction by
Theorem C. In this section we deduce useful properties of split pseudoholo-
morphic spheres in the split symplectic manifold
(S2 × S2 \ L,ω1 ⊕ ω1) ⊔ (T ∗L, dλ).
More precisely, we are interested in buildings that live in the homology
classes
A1 := [S
2 × {pt}], A2 := [{pt} × S2] ∈ H2(S2 × S2),
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of minimal symplectic area.
In order to infer that such split curves exist, we rely on Gromov’s result
concerning the existence of pseudoholomorphic foliations of (S2×S2, ω1⊕ω1)
from [25] together with the splitting construction described in Section 2.5.
The latter construction “stretches the neck” along a hypersurface S∗T2 →֒
S2×S2 \D∞ of contact type representing an embedding of the unit normal
bundle of L, i.e. we consider a particular limit of a family Jτ , τ ≥ 0, of
tame almost complex structures. Moreover, this sequence of almost complex
structures converges to an almost complex structure J∞ on S2 × S2 \ L as
described in Section 2.5.
From now on the almost complex structure J∞ on S2 × S2 \ L will also
be required to coincide with the standard integrable complex structure i in
some small neighborhood ofD∞. It thus follows that the latter divisorD∞ is
holomorphic. We also choose J∞ to be regular for simply covered punctured
pseudoholomorphic spheres, i.e. so that Proposition 3.5 can be applied. Ob-
serve that these two conditions indeed can be achieved simultaneously using
standard transversality techniques; see e.g. [38, Section 3].
5.1. The generic and exceptional split sphere. The pseudoholomor-
phic buildings shown in Figure 2 will play an important role when consider-
ing limits of spheres of minimal area in the splitting construction. We begin
by introducing names for them.
Definition 5.1. A split sphere of type I in homology class Ai ∈ H2(S2×S2)
is a split sphere for which:
• The top level consists of two planes of index 1 in S2 × S2 \ L; and
• The bottom (or middle) level consists of a cylinder inside T ∗L (or
R× S∗L).
Since a punctured spheres compactifies to a null-homology of its asymptotic
orbits, there exists an element η ∈ H1(L) such that the asymptotic orbits
of the two planes are contained in Γη and Γ−η, respectively. Positivity of
intersection together with the holomorphicity of D∞ implies that precisely
one of the planes passes through D∞, and moreover does so in a single
transverse intersection.
Definition 5.2. A split sphere of type II in class Ai ∈ H2(S2 × S2) is a
split sphere for which:
• The top level consists of two planes of index 1 in S2×S2 \L which
both are disjoint from D∞, together with a cylinder of index 0; and
• The bottom (and/or middle) level consists of two cylinders inside
T ∗L (and/or R× S∗L).
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Since a punctured spheres compactifies to a null-homology of its asymptotic
orbits, there exist elements ζ, η ∈ H1(L) such that the asymptotic orbits of
the two planes are contained in Γη and Γζ , respectively, while the asymptotic
orbits of the cylinder in S2×S2 \L are contained in Γ−ζ and Γ−η. As above,
it follows that the cylinder in the top level must have a single transverse
intersection with D∞.
Observe that the split sphere of type II is “exceptional” due to the presence
of a rigid component. As follows from the results in Section 4, we expect to
find a finite number of such buildings (after forgetting about the components
in the middle and bottom levels).
S2 × S2 \ L
T ∗L
∞
11
2
η −η
∞
11
2 2
0
ζ −ζ −η η
Figure 2. On the left: a split sphere of type I (the generic
configuration). On the right: a split sphere of type II (the
exceptional configuration). The numbers on each component
denotes its respective Fredholm index, while the homology
classes ±ζ,±η ∈ H1(L) designate the families containing the
respective asymptotic orbits.
The goal in this section is establishing the following result concerning a split
sphere in the above homology classes.
Proposition 5.3. For any generic almost complex structure J∞ as above
there exists fixed homology classes ηi ∈ H1(L), i = 1, 2, for which the fol-
lowing is satisfied. Any split sphere in the homology class Ai ∈ H2(S2×S2)
is either of type I or type II, and satisfies the properties that:
(i) Every component is simply covered and has punctures asymptotic to
simply covered orbits;
(ii) Every asymptotic orbit of a plane and cylinder inside S2 × S2 \ L
is contained inside Γηi and Γ−ηi , respectively.
Since symplectic area is positive proportional to the Maslov index for mono-
tone Lagrangian tori, it follows that a cylinder of index 0 must have vanishing
symplectic area, and hence such cylinders do not exist. In other words:
Corollary 5.4. If L ⊂ (S2 × S2, ω1 ⊕ ω1) is a monotone Lagrangian torus
then all split spheres of minimal symplectic area are of type I.
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5.1.1. Proof of Proposition 5.3. The first step consists of showing the above
statement for pseudoholomorphic buildings that arise as the limit of pseu-
doholomorphic spheres when stretching the neck. To that end, we need to
make use of the following lemma.
Lemma 5.5. Consider a split pseudoholomorphic sphere in either of the
homology classes Ai, i = 1, 2, which arises as the limit of Jτ -holomorphic
spheres under the splitting construction. It follows that two components of
the building cannot intersect in a discrete and nonempty set.
Proof. Using positivity of intersection [36] together with the nature of con-
vergence, the existence of such a discrete intersection point would imply that
some Jτ -holomorphic sphere in the class Ai for τ ≫ 0 sufficiently large has a
self-intersection. However, again alluding to positivity of intersection, such
a self-intersection would contradict Ai • Ai = 0. 
Proposition 5.6. For any generic almost complex structure J∞ as above,
any split sphere in the homology class Ai ∈ H2(S2 × S2), i = 1, 2, which,
moreover, arises as the limit of Jτ -holomorphic spheres when stretching the
neck is either of type I or type II, and satisfies the properties that:
(i) Every component is simply covered and has punctures asymptotic to
simply covered orbits;
(ii) Every asymptotic orbit of a plane and cylinder inside S2 × S2 \ L
is contained inside Γηi and Γ−ηi , respectively, for some homology
class ηi ∈ H1(L) (which a priori depends on the specific building).
Proof. Positivity of intersection together with Ai•[D∞] = 1 implies that each
split curve in the class Ai consists of precisely one component intersecting
D∞. This intersection moreover consists of a single transverse double point.
From this it is immediate that the component passing through D∞ is simply
covered.
In the case when the split curve contains no cylinders in S2×S2\L, Proposi-
tion 3.5 clearly shows that the obtained building is of type I. What remains
in this case is to check Properties (i) and (ii), of which the second is im-
mediate. To see that the planes and asymptotic orbits are simply covered
we argue as follows. The asymptotic orbit of the plane disjoint from D∞
contained in Γη is simply covered by Lemma 3.4. An elementary topological
consideration now implies that the asymptotic orbit of the plane intersecting
D∞ is contained in Γ−η, and is hence in particular simply covered as well.
We are left with the case when the building consists of at least one compo-
nent C ⊂ S2×S2 \L which is a cylinder. We let B1, B2 ⊂ T ∗L (or R×S∗L)
denote the two cylinders that are connected to C. Here we have used Propo-
sition 3.5 in order to infer that the latter curves indeed are cylinders. We
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also write Γ−ζi , i = 1, 2, for the families of periodic Reeb orbits contain-
ing the asymptotics at which C and Bi are connected, where ζi ∈ H1(L),
i = 1, 2.
Below we will show that C necessarily intersects D∞ and, in particular, that
there is precisely one cylinder in the top level. By the following argument
we may then conclude that the building is of type II. Since all planes in the
building necessarily are disjoint from D∞, Property (i) follows as in the case
of a building of type I. We continue by establishing Property (ii). Recall
that both planes are disjoint from D∞, of index 1, and asymptotic to orbits
in the families Γζi , i = 1, 2. Using index Formula (1) in terms of the Maslov
class as in Fromula (2), we infer that ζ2 = ζ1 + ζ0 for a homology class
ζ0 ∈ H1(L) that bounds a disk in H2(R4, L) of Maslov index 0. Given that
ζ1 6= ζ2, Corollary 4.3 now implies that B1 and B2 (or a trivial cylinder
contained inside a middle level) intersect in a discrete and nonempty set.
This is however in contradiction with Lemma 5.5.
In view of the above, what remains is to prove that C must intersect D∞. We
argue by contradiction, and take a cylinder C ⊂ S2 × S2 \L that is disjoint
from D∞ and connected to a J∞-holomorphic plane D ⊂ S2 × S2 \ L via a
single cylinder B1 ⊂ T ∗L, where the plane D also is disjoint from D∞. That
this is possible follows by Proposition 3.5. Again, let B2 ⊂ T ∗L denote the
second cylinder connected to C, and use Γ−ζi to denote the space of periodic
orbits containing the asymptotic at which C and Bi are connected, i = 1, 2.
See Figure 3 for a schematic picture.
In the case when ζ1, ζ2 ∈ H1(L) are not collinear, an argument as above
again leads to a contradiction with Lemma 5.5. Indeed, in this case B1
and B2 must intersect in a discrete and nonempty set by Corollary 4.3.
Since the cylinder C is of index 0, we use the index Formula (1) to show
that, moreover, ζ1 = −ζ2. However, using the exactness of ω1 ⊕ ω1 when
restricted to S2 × S2 \D∞, we conclude that
∫
C ω1 ⊕ ω1 = 0. This clearly
contradicts the tameness of J∞. 
The following result shows that there indeed exist split spheres to which the
above proposition can be applied.
Proposition 5.7. There exists a split sphere in the homology class Ai ∈
H2(S
2 × S2) for each i = 1, 2 passing through any given point on L. More-
over, under the additional assumption that the almost complex structure J∞
is generic, there exists an open and dense subset of L, such that the split
spheres passing through this subset all are of type I.
Proof. Recall the existence of a unique Jτ -holomorphic sphere in class Ai
passing through any fixed point p ∈ S2 × S2, as shown by Gromov in [25].
Applying the compactness result Theorem 2.2 the existence of split spheres
follows.
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S2 × S2 \ L
T ∗L
C
D
B2B1
∞
ζ1 −ζ1 −ζ2 ζ2
Figure 3. A pseudoholomorphic planeD ⊂ R4\L connected
to a pseudoholomorphic cylinder C ⊂ R4 \ L via a pseudo-
holomorphic cylinder B1 ⊂ T ∗L. Given that index(D) = 1
and index(C) = 0, it follows that B1 intersects the other
cylinder B2 ⊂ T ∗L that is connected to C in a discrete and
nonempty set. The homology classes ±ζi ∈ H1(L) designate
the families containing the respective asymptotic orbits.
The fact that a split sphere passing through a generic point on L is of type I
can be seen as follows. The properties of split spheres proven in Proposition
5.6, together with the classification of the cylinders given by Lemma 4.2,
shows that a building of type II only can pass through a finite number
of closed geodesics on L. Here we rely on the fact that the simply covered
cylinders of index zero under consideration form a compact zero-dimensional
manifold. This is the case by the assumption of J∞ being regular. 
In order to prove Proposition 5.3 we need the following positivity of inter-
section result for split pseudoholomorphic curves.
Lemma 5.8. Consider two split pseudoholomorphic curves, both contained
in the homology class Ai ∈ H2(S2 × S2) for either i = 1 or 2. After adding
a number of middle levels consisting of only trivial cylinders to one of the
two buildings, we may assume that they both have the same number of levels.
Given that two asymptotic orbits coming from two different components of
the two different buildings never coincide, it follows that two such compo-
nents cannot intersect in a discrete and nonempty set.
Proof. Assume that both buildings consist of a k ≥ 0 number middle levels
after the above procedure. There is a smooth open embedding
S2 × S2 \ L ⊔ R× S∗L ⊔ . . . ⊔ R× S∗L︸ ︷︷ ︸
k
⊔ T ∗L →֒ S2 × S2
with image S2 × S2 \ Σ, where Σ ⊂ S2 × S2 is an embedded hypersurface
consisting of k+1 parallel (and disjoint) copies of the unit cotangent bundle
S∗L.
Under a suitable compactification of the above embedding, the two split
spheres each give rise to a cycle in S2×S2 in the homology class Ai. These
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cycles are smooth and pseudoholomorphic outside of Σ, and they intersect
Σ in a number of closed curves corresponding to the asymptotic Reeb orbits
of the different components.
Using positivity of intersection [36] together with the asymptotic conver-
gence to Reeb orbits, a discrete intersection of two components would imply
that the two cycles have a positive intersection number. A conclusion that
clearly contradicts Ai •Ai = 0. 
We now commence to prove Proposition 5.3. We start by establishing the
properties prescribed by Proposition 5.6 for a general split sphere in the ho-
mology class Ai ∈ H2(S2×S2), i.e. a split sphere which does not necessarily
arise as the limit of pseudoholomorphic spheres when stretching the neck.
Examining the proof, we see that this assumption only is used in order to
exclude an intersection of two cylinders inside T ∗L contained in the building;
this is an argument that relies on Lemma 5.5. However, since Proposition
5.7 provides a split sphere of type I passing through a generic point p ∈ L,
such a self-intersection can also be excluded using Lemma 5.8.
More precisely, assume that two cylinders in T ∗L or R×S∗L, both arising as
the components of a split sphere as in the assumptions, intersect in a discrete
and non-empty set. Using the intersection properties of cylinders provided
by Corollary 4.3, it follows that at least one of these cylinders also intersects
the cylinder contained in a split sphere of type I that exists by Proposition
5.7. In order to apply Lemma 5.8, we must choose the latter split sphere of
type I with some care, so that none of its asymptotic orbits coincides with
an asymptotic orbit of the former split sphere. In other words, the point
p ∈ L in Proposition 5.7 must be chosen generically.
What is left is showing Property (ii) asserted by the theorem. Consider two
limit buildings in the homology class Ai for some fixed i = 1, 2. By the above,
we know that the asymptotic orbits of the buildings are contained in the
families Γα ∪ Γ−α and Γβ ∪Γ−β of simply covered Reeb orbits, respectively.
We claim that α = β holds, as sought. Namely, if not, Corollary 4.3 together
with Lemma 5.8 again gives a contradiction. 
5.2. The moduli space of small planes and its compactness. For each
fixed homology class Ai ∈ H2(S2×S2), i = 1, 2, an application of Proposition
5.3 shows the following. There exists a unique homology class ηi ∈ H1(L)
such that all J∞-holomorphic planes in S2 × S2 \ L that are disjoint from
D∞ and arise as a component of a split sphere in the homology class Ai
must have its asymptotic orbit contained in Γηi . This leads to the following
definitions.
Definition 5.9. Given the previously mentioned designated families Γ±ηi of
periodic Reeb orbits, we define:
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• The moduli space M0(Γηi), i = 1, 2, of small planes consisting of
those pseudoholomorphic planes in S2×S2\L that are disjoint from
D∞ and have its asymptotic orbit contained in the family Γηi;
• The moduli space Mi(Γ−ηi), i = 1, 2, of big planes consisting of
those pseudoholomorphic planes in S2 × S2 \ L that satisfy
u • (S2 × {∞}) =
{
0, i = 1,
1, i = 2,
u • ({∞} × S2) =
{
1, i = 1,
0, i = 2,
and which have its asymptotic orbit contained in the family Γ−ηi.
See Figure 4.
S2 × S2 \ L
T ∗L
∞
1M0(Γηi) ∋ ∈ Mi(Γ−ηi)1
2
ηi −ηi
Figure 4. For each i = 1, 2, a small and big plane from
M0(Γηi) and Mi(Γηi), respectively, can be completed to
form a cycle in the class Ai ∈ H2(S2 × S2).
Recall the following facts about the small and big planes which are conse-
quences of Proposition 5.3. The index of either a big or a small plane is
equal to one. The asymptotic Reeb orbits in Γηi are simple, and hence all
of the moduli spaces above consist of simply covered planes. By genericity
we may thus assume that these moduli spaces are transversely cut out ma-
nifolds of dimension one. Finally, these moduli spaces are all non-empty by
Proposition 5.7 above.
Remark 5.10. The case η1 = η2 may indeed occur for certain Lagrangian tori.
In fact, given a monotone Lagrangian torus for which η1 6= η2 is satisfied,
one can use the techniques from Section 1.3 (in particular, see the proof of
Corollary E) in order to conclude that this torus is Hamiltonian isotopic to
the Clifford torus.
In this section we establish the following result concerning the moduli space
of small planes.
Proposition 5.11. The moduli spaces M0(Γηi), i = 1, 2, of small planes
satisfies the following properties:
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(i) The asymptotic evaluation mapM0(Γηi)→ Γηi ∼= S1 taking a plane
to its asymptotic orbit is a diffeomorphism; and
(ii) The evaluation map M0(Γηi) × C → S2 × S2 \ L, obtained after
fixing a family of parametrizations of C, is a smooth embedding.
In the case when the Lagrangian torus L ⊂ S2 × S2 is monotone, the same
properties are also satisfied for the moduli spacesMi(Γ−ηi) of big planes. For
a general non-monotone Lagrangian torus the same holds, with the exception
that the moduli space of big planes possibly is non-compact, in which case
its asymptotic evaluation map is a non-surjective open embedding.
Proof. We let M(Γ) denote either the moduli space of small or big planes
or. In the case of the big planes, we will make the further assumption that
the Lagrangian torus is monotone. The argument concerning the big planes
in the general case follows by a similar argument.
We start by showing that this moduli spaces is compact. In the monotone
case, this follows by the fact that there are no pseudoholomorphic cylinders
of index 0. In the non-monotone case, and hence when considering a moduli
space of small planes, we argue as follows: Any (possibly broken) pseu-
doholomorphic plane in the compactification of M0(Γ) can be completed
to a split sphere in class Ai by adjoining components produced by Lemma
5.12 below. Observe that the buildings which arise in the compactification of
M0(Γ) consist of components that are disjoint from D∞. By Proposition 5.3
no such broken plane can thus exist, since the split sphere produced above
then would be of neither type I nor II. In other words, the SFT compactness
theorem [6] implies that the moduli space M0(Γ) is compact.
Lemma 5.13 below shows that the asymptotic evaluation mapM(Γ)→ Γ ∼=
S1 is injective. Together with Lemma 5.12 we now conclude that M(Γ)
consists of only embedded planes.
(i): By the properties established above, it suffices to show that the asymp-
totic evaluation map is a local diffeomorphism. This follows from the auto-
matic transversality result established in [55, Theorem 1]. To that end, since
M(Γ) consists of embedded (and thus, in particular, immersed) planes of in-
dex one, the inequality in [55, Remark 1.2] is satisfied even with a constraint
on the asymptotic orbit. In other words, this moduli space is transversely
cut out and evaluates by a submersion to Γ.
(ii): By Lemma 5.12 together with Part (i), each plane inM(Γ) is embedded
and, moreover, two different planes in M(Γ) are disjoint. We are left with
showing that the evaluation map is a local diffeomorphism.
The local diffeomorphism property follows from the infinitesimal positivity
of intersection result shown in [29] (which is a major ingredient in the proof
of automatic transversality in dimension four). More precisely, the latter
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result states that the elements in the kernel of the Cauchy-Riemann operator
linearized at a solution u ∈ M(Γ) are sections of the normal bundle of
u, all whose zeros contribute positively to the intersection with the zero
section. By Part (i), any such section which does not vanish constantly is
necessarily non-vanishing near the puncture. Since two planes in M(Γ) are
disjoint, we thus conclude that a non-zero element in the kernel is a non-
vanishing section. This establishes the local diffeomorphism property for
the evaluation map, as sought. 
Lemma 5.12. For each orbit γ ∈ Γηi, there exists a split sphere in the
homology class Ai ∈ H2(S2 × S2) containing a plane in M0(Γηi) whose
asymptotic is equal to the orbit γ. This building moreover arises as the limit
of embedded pseudoholomorphic spheres when stretching the neck, and the
given plane in M0(Γηi) is embedded. Finally, two planes obtained in this
way that are asymptotic to different orbits must be disjoint.
Under the further assumption that the Lagrangian torus is monotone, the
same properties are also satisfied for the moduli spaces Mi(Γ−ηi) of big
planes. For a general (not necessarily monotone) Lagrangian torus the same
holds with the exception that there might be a finite number of orbits in Γ−ηi
that are not the asymptotic of any big plane.
Proof. This property is established in a similar manner as the proof of Propo-
sition 5.7. Namely, consider the limit of spheres passing through the geodesic
on L ⊂ S2 × S2 corresponding to γ when stretching the neck around the
unit cotangent bundle of L. Applying Proposition 5.3 to the obtained split
sphere, together with the classification of cylinders in T ∗L given by Section
4, the existence of the plane can now be seen.
The embeddedness property follows from positivity of intersection [36] to-
gether with the fact that the building is obtained as a limit of embedded
pseudoholomorphic spheres. Here we have also used the fact that the plane
is simply covered by Proposition 5.3.
Finally, two different planes are disjoint by the positivity of intersection
result for split spheres established in Lemma 5.8. 
The following crucial result was proven in [28] by R. Hind and S. Lisi, and
uses ideas due to R. Siefring and C. Wendl [46] concerning the asymptotic
intersection numbers in the Bott setting. In particular, we refer to [28,
Lemma 6.2 & Appendix A].
Lemma 5.13. In each of the moduli spaces M0(Γηi) and Mi(Γ−ηi), there
can be at most one plane asymptotic to a given periodic Reeb orbit.
Proof. Use M(Γ) to denote either of these moduli spaces of planes.
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We begin by briefly recalling the definition of the extended intersection num-
ber u⋆v ∈ Z for two planes u, v ∈ M(Γ); see [28, Section 4] for more details.
First, by extending an arbitrarily small isotopy of the Bott manifold Γ ⊂ S∗L
of periodic Reeb orbits to the symplectization, we can perturb one of the
planes to a (no longer pseudoholomorphic) plane having a puncture asymp-
totic to a nearby orbit in Γ. Then, we compute the ordinary intersection
number between the two planes after the perturbation, where the planes
now are asymptotic to different orbits. The resulting integer is the so-called
extended intersection number u ⋆ v ∈ Z.
First, we claim that u ⋆ v = 0 holds for any pair consisting of two small
or big planes from the same moduli space. Namely, for two generic such
planes u and v, Lemma 5.12 implies that they can be completed to form
split spheres of type I in the homology class Ai ∈ H2(S2 × S2). In the case
when u and v have different asymptotic orbits, we then necessarily have
u⋆v = u • v = 0 by positivity of intersection together with Ai •Ai = 0. The
fact that the extended intersection number is independent up to homotopy
in the appropriate sense (see [28, Theorem 4.1]) then shows that u ⋆ v = 0
holds in general.
Second, we argue as in the latter part of the proof of [28, Lemma 5.2]. Con-
sider the asymptotic operator associated to the linearized Cauchy–Riemann
operator at the negative puncture of one of these planes. It was shown in [28,
Appendix A] that all positive eigenvalues of this operator have a component
in the direction of the contact planes whose winding number is positive (us-
ing a suitable trivialization along the Reeb orbits). Since two planes having
the same asymptotic, but which do not coincide, differ by such an eigenvalue
asymptotically (see [28, Theorem 4.2] as well as [31]), we conclude that two
different planes u, v ∈ M(Γ) sharing an asymptotic orbit thus necessarily
satisfies u ⋆ v > 0. (This again uses positivity of intersection.) The sought
statement now follows. 
5.3. Constructing an embedded solid torus by straightening the
ends. Above we have shown that the union of all small planes in M0(Γηi)
form an embedded open solid torus. The compactification of this solid torus
induced by the compactification of S2×S2\L ⊂ S2×S2 clearly is continuous,
smooth in the interior, and has boundary equal to L. In this section we
show how to deform these planes in order for the compactified solid torus
to become a smooth embedding up to and including the boundary as well.
To that end we make use of asymptotic properties satisfied by punctured
pseudoholomorphic curves of finite energy.
Consider a family uλ, λ ∈ K, of finite energy pseudoholomorphic planes
which is compact in the sense of the topology defined in the same article. We
begin by recalling the basic asymptotic properties satisfied near the puncture
of such a finite energy plane, as established in [31]. Fix coordinates on the
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domain (C, i) given by the holomorphic parametrization
R× S1 → C,
(s, θ) 7→ e−(s+iθ),
where the conformal structure of the domain thus is determined by i∂s = ∂θ.
Observe that the puncture of C at ∞ corresponds to s = −∞ in these
coordinates.
We also fix a Riemannian metric on S∗T2 and consider the product metric
on the symplectization R×S∗T2, where the factor R has been endowed with
the standard Euclidean metric. Similarly, consider the product metric on
R×S1. The space of maps R×S1 → R×S∗T2 can now be given the metric
of uniform Ck-distance with respect to these choices in the usual manner.
The maps uλ(s, θ) above satisfy the following properties:
• The restriction uλ|(−∞,sλ]×S1 takes values in the cylindrical end
(−∞, A]×S∗T2 for some number sλ ∈ R, and we use uλ = (aλ, u˜λ)
to denote the components of the corresponding restriction;
• The component u˜λ(s, θ) ∈ S∗T2 satisfies the uniform convergence
lim
s→−∞ u˜λ(s, θ) = γλ(Tθ/2π)
to a Reeb orbit γλ of period T > 0 (here the Reeb orbit is parametrized
using the Reeb flow for an appropriate choice of starting point);
• The component aλ(s, θ) ∈ (−∞, A] satisfies the uniform conver-
gence
lim
s→−∞(aλ(s, θ)− Ts/2π − a0) = 0
for some constant a0 ∈ R.
The following lemma provides an extension of the previously mentioned uni-
form convergence of a single plane, to a version that holds for a compact
family of planes. This is a crucial ingredient in the proof of our smoothing
result which, in turn, is based on the “straightening” near the ends of a
foliation by a one-parameter family of planes. The lemma follows from an
argument involving the SFT compactness theorem for punctured pseudo-
holomorphic curves proven in [6].
Lemma 5.14. Let uλ, λ ∈ K, be a compact family of pseudoholomorphic
planes of finite energy in a symplectic manifold having a concave cylindrical
end ((−∞, A]× S∗T2, d(etα0)). For any ǫ > 0 and k ∈ Z≥0 and sufficiently
small number t0 ≪ 0, the following holds:
(i) There exists a family Sλ ∈ R of numbers bounded from below for
which the restrictions
uλ|(−∞,Sλ]×S1(s, θ), λ ∈ K,
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all are ǫ-close to the corresponding (translation and reparametriza-
tion of a) trivial cylinder
(s, θ) 7→ (T (ψλ(s− Sλ))/2π + t0, γλ(Tθ/2π)),
in the given metric of uniform Ck-convergence. Here the functions
ψλ : R→ R are diffeomorphisms satisfying ‖ψ′λ(s)−1‖Ck−1 < ǫ and
ψλ(0) = 0; and
(ii) For all λ ∈ K, we have the inclusion
u−1λ ((−∞, t0 − 1]× Y ) ⊂ {s ≤ Sλ}
where the right-hand side is a neighborhood of the puncture in the
domain.
Remark 5.15. In fact, as shown in [31], a finite energy plane converges ex-
ponentially in the Ck-norm to the trivial strip near its puncture for every
k ≥ 0. We expect that the above lemma can be enhanced to show that such
an exponential convergence holds uniformly for the whole family, i.e. with
constants independent of λ ∈ K. However, the weaker result established
here is more than sufficient for our purposes of “straightening” the above
foliation of pseudoholomorphic maps near the ends.
Proof. The asymptotic convergence implies that each plane uλ has a contin-
uous compactification uλ, with domain a compactification of C by the disk,
into the compactified concave end
R× Y →֒ [0,+∞) × Y,
(t, y) 7→ (et, y).
Moreover, this compactification maps the boundary of the disk uλ to the
periodic Reeb orbit {0} × γλ ⊂ [0,+∞) × Y .
By the definition of the topology on the moduli space of finite energy pseu-
doholomorphic curves in [6], in particular see property (CHCE3) therein,
the family {uλ}λ∈K of compactified planes is a compact subset with respect
to the metric of uniform convergence. In combination with the asymptotic
convergence properties of the planes uλ it follows that, for any t0 ≪ 0 suffi-
ciently small, there are numbers Sλ ≪ 0 depending on λ ∈ K for which the
following holds:
• The restrictions uλ|(−∞,Sλ]×S1 all take values in the cylindrical end
(−∞, t0]× S∗T2;
• The components in S∗T2 of these maps are all C0-uniformly ǫ-close
to the periodic Reeb orbit γλ(Tθ/2π) when restricted to the same
subset, while maxθ∈S1(aλ(Sλ, θ)) = t0;
• Part (ii) of the lemma is satisfied for these numbers; and
• The numbers Sλ ≥ C satisfy a universal bound from below.
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In order to obtain the uniform Ck-convergence claimed in Part (i), we may
need to first shrink t0 ≪ 0 even further. To see that the sought number t0
exists we argue by contradiction; if not, we find sequences λn ∈ K and sn →
−∞, for which uλn |[sn−1/2,sn+1/2]×S1 and any holomorphic parametrization
of the trivial cylinder are of distance at least ǫ > 0 in the metric of uniform
Ck-convergence.
Below we will argue that the sequence uλn(s − sn, θ) of maps has a subse-
quence that is convergent in the metric of uniform Ck-convergence on com-
pact subsets. (It might first be necessary to translate each uλn(s − sn, θ)
appropriately in the R-factor of R × S∗T2.) The limit is thus a finite en-
ergy Jcyl-holomorphic cylinder R × S1 → R × S∗T2. By construction, this
limit is not equal to a trivial cylinder, while its component in S∗T2 still
is uniformly ǫ-close to the Reeb orbit γλ(Tθ/2π). However, by computing
the dα0-energy, any sufficiently small neighborhood R × U ⊂ R × S∗T2 of
the periodic Reeb orbits in the family Γ can be seen to contain only trivial
cylinders (and their multiple covers). This contradiction implies the claim.
In view of the SFT compactness theorem [6], the above convergent subse-
quence can be seen to exist given that the gradient of the sequence of pseu-
doholomorphic maps satisfy an uniform bound on every compact subset of
the domain. Such a bound indeed holds, as follows from the uniform conver-
gence in the S∗T2-factor established above. Namely, since all finite energy
pseudoholomorphic curves inside the subset R × U ⊂ R × S∗T2 above are
branched covers of trivial cylinders, the compactness theorem from [6] pre-
cludes bubbling from occurring. This implies the sought gradient bound. 
We now fix i ∈ {0, 1}. Recall Definition 5.9 of the moduli spaces M0(Γηi)
and Mi(Γ−ηi) of big and small planes, and that the asymptotic evalua-
tion map provides a diffeomorphism M0(Γηi) → Γηi ∼= S1 by Proposition
5.11. Consider a closed connected arc K ⊂ S1 which is in the image of the
asymptotic evaluation map Mi(Γ−ηi) → Γ−ηi ∼= S1 from the big planes.
For each big plane Pbig(θ) ∈ Mi(Γ−ηi), θ ∈ K, there is a unique small
plane Psmall(θ) ∈ Mi(Γηi) which is asymptotic to a periodic Reeb orbit
corresponding to the same unoriented geodesic on L as the asymptotic of
Pbig(θ). Recall that this Reeb orbit (and geodesic) is simply covered – a fact
which will be important in the proof of the proposition below.
In particular, the compactifications of Psmall(θ) and Pbig(θ) to disksDsmall(θ)
and Dbig(θ) inside S
2×S2 both have boundaries corresponding to the afore-
mentioned geodesic. These two disks thus combine to form a sphere in the
homology class Ai intersecting L precisely in this geodesic, where this sphere
moreover is smooth away from its intersection with L.
Proposition 5.16. After modifying the small planes Psmall(θ) for all θ ∈ S1
as well as the big planes Pbig(θ) for all θ ∈ K in the subset U\L ⊂ S2×S2\L,
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∞ ∞
Dbig(θ)
Dsmall(θ)
γ γ
Figure 5. After smoothing pairs of big and small planes
asymptotic to the same closed geodesic γ, they join to form
a smooth foliation of spheres intersecting L in a foliation by
geodesics.
where U ⊂ S2×S2 is an arbitrarily small neighborhood of L, we may assume
that the following is satisfied:
(i) The families of disks Dsmall(θ), θ ∈ S1, and Dbig(θ), θ ∈ K, ob-
tained by compactifying the above deformed planes inside S2 × S2,
form smooth embeddings of S1 ×D2 and K ×D2, respectively;
(ii) The union of disks Dsmall(θ) ∪Dbig(θ), θ ∈ K, fit together to form
a smooth embedding of K×S2, where each sphere moreover is sym-
plectic and lives in the class Ai ∈ H2(S2 × S2); and
(iii) The deformed planes may above may all be assumed to be J∞-
holomorphic after deforming the almost complex structure in a com-
pact neighborhood of U \ L.
Remark 5.17. Since the space of tame almost complex structures is con-
tractible, the families of symplectic spheres in (ii) may clearly be assumed
to be pseudoholomorphic for some global tame almost complex structure
defined on (S2 × S2, ω1 ⊕ ω1).
Proof. The asymptotic properties established by Lemma 5.14 shows that we
can deform the family of planes inside the neighborhood U \ L so that
• A deformed plane is asymptotic to the same cylinder as before the
deformation, but coincides with the image of a trivial cylinder over
the Reeb orbits inside V \L for the smaller neighborhood V ⊂ U ⊂
S2 × S2 of L;
• The family of deformed planes are still disjoint and symplectic, and
still provides a smooth foliation of a hypersurface in S2×S2 \L by
symplectic planes.
Here we have used the fact that the asymptotics all are simply covered, and
that two different planes are asymptotic to different Reeb orbits, together
with the embeddedness properties shown in Proposition 5.11.
The sought properties can now be seen to follow from the following, to us
very favorable, coincidence: Take a primitive vectorm ∈ Z2\{0} and extend
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it to a basis 〈m,n〉 = Z2. Consider the one-parameter family
u±t : R× S1 → R× S∗T2,
(s, θ) 7→ (s‖m‖,±θm+ tn,±m/‖m‖), t ∈ R,
of Jcyl-holomorphic trivial cylinders over periodic Reeb orbits in the families
Γ±m ∼= S1. Recall the symplectic identification in Part (3) of Example 2.1,
identifying R × S∗T2 with T ∗T2 \ 0T2 . In the latter symplectic manifold,
the above cylinders compactify to smooth J0-holomorphic disks (with an
interior puncture removed) having a boundary equal to the geodesic on
the zero-section 0T2 ⊂ T ∗T2 corresponding to its asymptotic Reeb orbit.
Moreover, the compactifications of the two cylinders u±t combine to form a
smooth embedded symplectic J0-holomorphic cylinder in T
∗T2 intersecting
0T2 precisely along the latter geodesic. In fact, together they form the
cylinder umtn,0 described explicitly in Section 4. It is hence also clear that
the family of cylinders in T ∗T2 obtained in this way foliate a smoothly
embedded hypersurface containing 0T2 . 
5.4. Proof of Theorem D. Recall that we here consider the case of a
monotone Lagrangian torus L. Using Corollary 5.4 together with Propo-
sition 5.11 we produce one-parameter families of small planes Psmall(θ) ∈
M0(Γηi) and big Pbig(θ) ∈ Mi(Γ−ηi) for each homology class Ai ∈ H2(S2×
S2), i = 1, 2. From now on we fix i ∈ {1, 2}.
By Proposition 5.16 we can arrange so that the families Dsmall(θ) and
Dbig(θ) ⊂ S2 × S2 of disks corresponding to the compactifications of these
planes form symplectic foliations of two smoothly embedded solid tori whose
boundaries coincide with L.
Consider a closed geodesic γ˜ on L in the homology class ηi ∈ H1(L), together
with the geodesic −γ˜ having the same image but with reversed orientation
in the homology class −ηi. The cogeodesic lifts of these two geodesics ±γ˜ are
the periodic Reeb orbits ±γ ∈ Γ±ηi . Observe that there are unique planes
Psmall(θ) ∈ M0(Γηi) and Pbig(θ) ∈ Mi(Γ−ηi) that are asymptotic to γ and
−γ, respectively, and whose compactifications Dsmall(θ),Dbig(θ) ⊂ S2 × S2
fit together to form an embedded symplectic sphere in the class Ai.
In this way we obtain a three-dimensional embedding S1 × S2 →֒ S2 × S2
foliated by the above S1-family of embedded symplectic spheres, where the
intersection of the spheres with the Lagrangian torus L induces the foliation
by closed geodesics in the homology class ηi ∈ H1(L). Since the space
of tame almost complex structures on (S2 × S2, ω1 ⊕ ω1) is contractible,
we can find a tame almost complex structure J that makes all the above
symplectic spheres J-holomorphic. Gromov’s result in [25] together with
positivity of intersection now shows that these spheres all are leaves in a
smooth foliation of S2×S2 by J-holomorphic spheres in the class Ai, where
the leaf space moreover is diffeomorphic to S2. This foliation induces the
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sought symplectic S2-fibration pi : (S
2 × S2, ω1 ⊕ ω1) → S2 by a standard
argument (see [25]).
Let us now make the additional assumption that the spheres {u} × S2,
u ∈ U , and S2×{v}, v ∈ V , all are disjoint from L. Recall that the splitting
construction can be performed by deforming the almost complex structure in
an arbitrarily small neighborhood of L, while the almost complex structure
is chosen arbitrarily outside of some slightly bigger neighborhood. Choosing
the sequence of almost complex structures to coincide with the standard
complex structure i in a neighborhood of the above spheres, the sought
properties are readily seen to follow by alluding to positivity of intersection.

5.5. Proof of Corollary E. First, using Theorem A, we Hamiltonian iso-
tope L into S2 × S2 \ D∞. We then apply Theorem D to the monotone
Lagrangian torus
L ⊂ (S2 × S2 \D∞, ω1 ⊕ ω1),
thus producing the two fibrations
pi : (S
2 × S2, ω1 ⊕ ω1)→ S2, i = 1, 2,
compatible with L, and where D∞ = p−11 (∞)∪ p−12 (∞) for a point ∞ ∈ S2.
See Figure 5.5.
∞ 0p1(L)
Figure 6. The divisor D∞ contains the fiber over ∞ ∈ S2
by assumption. We pick a point 0 ∈ S2 in the component of
S2 \ p1(L) which does not contain ∞.
We pick a fiber p−11 (0) in the component of S
2 \p1(L) that does not contain
∞ ∈ S2. Using Gromov’s classification of pseudoholomorphic foliations of
(S2 × S2, ω1 ⊕ ω1) together with Corollary 3.7, we can construct a Hamil-
tonian isotopy that fixes D∞ after which p−11 (0) = {0} × S2.
After a second application of Theorem D, the union {0,∞}× S2 of spheres
can be assumed to be fibers of p1 and sections of p2, respectively, while
S2×{∞} is a fiber of p2 and a section of p1, respectively. Finally, we pick a
fiber p−12 (0) in the component of S
2 \ p2(L) which does not contain ∞. As
above, we may assume that this fiber coincides with S2 × {0}.
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The prescribed linking behavior of L and
S2 × {0,∞} ∪ {0,∞} × S2
can now be seen to follow from a topological consideration. 
6. Constructing Lagrangian isotopies
Consider a Lagrangian torus L ⊂ (S2 × S2 \ D∞, ω1 ⊕ ω1). The above
Propositions 5.3 and 5.16 establish the existence of a smooth solid torus
T ⊂ S2 × S2 \ D∞ with boundary equal to L. By construction this solid
torus is moreover foliated by the symplectic disks Dsmall(θ), θ ∈ S1, being
compactifications of the small pseudoholomorphic planes obtained from the
splitting construction (see Definition 5.9).
The so called characteristic distribution of T is the one-dimensional kernel
ker(ω1⊕ω1)|TT of the restriction of the symplectic form to the tangent space
of this solid torus. Observe that this distribution is tangent to the bound-
ary ∂T = L, as implied by the Lagrangian condition of L. Integrating a
suitably normalized non-vanishing vector field tangent to this distribution,
the induced flow gives a monodromy map for each leaf Dsmall(θ). This mon-
odromy map is a symplectomorphism of each disk preserving its boundary
set-wise.
The following theorem, which only uses “soft” techniques, shows that solid
tori are useful for producing Lagrangian isotopies.
Theorem 6.1 (Proposition 3.4.6 in [32]). Assume that we are given two
smooth embeddings
ϕi : S
1 ×D2 →֒ (X4, ω), i = 0, 1,
of solid tori into a symplectic four-dimensional manifold satisfying:
• The disks ϕi({θ}×D2) ⊂ (X4, ω) are symplectic while the boundary
ϕi(S
1 × ∂D2) ⊂ (X4, ω) is Lagrangian for both i = 0, 1;
• The characteristic distribution on both solid tori ϕi(S1 × D2) ⊂
(X4, ω), i = 0, 1, induces monodromy maps equal to the identity;
and
• The two maps ϕ0 and ϕ1 are homotopic.
Then the two Lagrangian tori ϕi(S
1×∂D2), i = 0, 1 are Lagrangian isotopic.
In view of this result, our main task in this section will be deforming a given
solid torus to one for which the monodromy map of the leaves is the identity.
It will be crucial to use additional properties that are satisfied by the solid
tori considered here, i.e. arising from the construction in Section 5. Namely,
44 G. DIMITROGLOU RIZELL, E. GOODMAN, AND A. IVRII
using methods similar to the proof of Theorem D in Section 5.4, such a solid
torus T can be shown to be compatible with a symplectic fibration
p : (S2 × S2, ω1 ⊕ ω1)→ S2,
[p−1(q)] = A2 = [{pt} × S2] ∈ H2(S2 × S2),
in the following sense:
(C.i) There exists a neighborhood U := p−1(V ), where V ⊂ S2 is a neigh-
borhood diffeomorphic to a square [−1, 1]2, for which the following
is satisfied:
(a) The solid torus satisfies the property that p(T ) ∩ V ⊂ V is
a single embedded arc γ that can be identified with [−1, 1] ×
{0} ⊂ [−1, 1]2;
(b) The intersection of the solid torus with a fiber p−1(v), v ∈ V ,
is either empty or consists of a single embedded disk;
(C.ii) There exists a symplectic section Σ of p in the homology class A1
which is disjoint from T .
Given that the above properties are satisfied, after a small perturbation of
the fibers inside p−1(V \ γ) and after shrinking the subset V ⊂ S2 in the
base, Lemma 6.6 below shows that we in addition can assume that:
(C.iii) There exists a symplectic trivialization
ψ : ([−a, a]2 × S2, (dx ∧ dy)⊕ ω1)
∼=−→ (U = p−1(V ), ω1 ⊕ ω1)
for some a > 0, under which p ◦ ψ is the canonical projection
[−a, a]2 × S2 → [−a, a]2 followed by an embedding [−a, a]2 →֒ S2,
and for which the solid torus takes the form
ψ−1(T ) = [−a, a]× {0} ×D ⊂ [−a, a]2 × S2
for a smooth embedding D ⊂ S2 of a disk; See Figure 7.
Using Properties (C.i)–(C.iii) we are able to show the following.
Theorem 6.2. Let L ⊂ (S2 × S2, ω1 ⊕ ω1) be a Lagrangian torus given
as the boundary of the solid torus T , and for which the symplectic fibration
p : (S2×S2, ω1⊕ω1)→ S2 satisfies (C.i)–(C.iii). After a Lagrangian isotopy
of L, we can find such a bounding solid torus with monodromy map equal to
the identity.
Further, assume that the spheres {∞} × S2 and S2 × {∞} is a fiber and a
section of p, respectively, both contained in the complement of T . Then the
above Lagrangian isotopy as well as the produced solid torus may be confined
to the complement of D∞ = ({∞} × S2) ∪ (S2 × {∞}).
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p−1(l)
D
L ∩ p−1(l)
p(L)
V ∼= [−a, a]2
l
Figure 7. After deforming the fibration over the neighbor-
hood V ⊂ S2 of the base, we may assume that it is sym-
plectically trivial above this neighborhood. The goal of the
inflation procedure is making the symplectic area in the “hor-
izontal component” arbitrarily highly concentrated above V .
In order to make the necessary modification of the solid torus, we must first
guarantee that there is a sufficient amount of space in its “normal direction”.
The so-called inflation procedure is a method which can be used to create
the space needed, but with the caveat that we first have to deform the
Lagrangian torus by a Lagrangian isotopy.
6.1. The inflation procedure. Before formulating the inflation procedure,
we present the following facts, which are to be proven below.
Assume that the symplectic fibration p : (S2 × S2, ω1 ⊕ ω1) → S2 above
satisfies (C.i)–(C.iii). In Lemma 6.5 below we produce a closed two-form τ
for which the following is satisfied:
(F.i) The support of τ is disjoint from T ;
(F.ii)
∫
Σ τ = 0, i.e. the two-form τ integrates to 0 over any sphere in the
class of a section of p;
(F.iii) The two-form τ is non-negative when restricted to any fiber of p, in
particular
∫
p−1(q) τ > 0; and
(F.iv) For any non-negative constant c > 0 the form ω1⊕ω1+cτ on S2×S2
is symplectic;
(F.v) Inside the trivialization ψ given by (C.iii), after possibly shrinking
the subset V ⊂ S2 in the base, the form τ is obtained as the pull-
back of a two-form on the S2-factor.
Using the existence of the above closed two-form, we are now ready to prove
the following so-called inflation procedure.
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Theorem 6.3 (Proposition 3.3.1 in [32]). There exists a smooth isotopy
φt : S
2×S2 → S2×S2, t ≥ 0, φ0 = 1lS2×S2 satisfying the following properties:
(i) pt := p ◦ (φt)−1 is a family of symplectic S2-fibrations on (S2 ×
S2, ω1 ⊕ ω1);
(ii) There exists a fixed neighborhood W of T in which φ∗t (ω1⊕ω1)|W =
rt(ω1 ⊕ ω1) is satisfied, and where rt > 0 is a constant satisfying
0 < rt < ǫ for all t≫ 0 sufficiently large and arbitrary ǫ > 0; and
(iii) The above symplectic trivialization ψ of p induces a symplectic triv-
ialization
ψt : ([−a, a]2 × S2, (αt dx ∧ dy)⊕ βtω1) →֒ (S2 × S2, ω1 ⊕ ω1),
ψt := φt ◦ ψ,
of the fibration pt, for functions αt : [−a, a]2 → R>0 and βt : S2 →
R>0 that are constant near [−a, a] × {0} and D ⊂ S2, respectively
(recall that [−a, a]×{0}×D = ψ−1(T )). Moreover, for an arbitrary
ǫ > 0 we have
1− ǫ ≤
∫
[−a,a]2
αt dx ∧ dy ≤ 1
for all t≫ 0 sufficiently large.
Further, assume that the spheres {∞} × S2 and S2 × {∞} is a fiber and a
section of p, respectively, both contained in the complement of T . Then the
isotopy φt may be assumed to fix the subset ({∞}×S2)∪ (S2×{∞}) = D∞
set-wise, while ψ−1t (D∞) = [−a, a]2 × {∞} is satisfied.
Remark 6.4. By Part (ii) it follows that Tt := φt(T ) ⊂ (S2×S2, ω1⊕ω1) is a
family of solid tori foliated by symplectic disks. The boundaries Lt := ∂Tt ⊂
(S2×S2, ω1⊕ω1) of these solid tori provide a smooth family of Lagrangian
tori starting at L0 = L. In the trivialization ψt given by Part (iii) these
solid tori moreover take the form
ψ−1t (Tt) = [−a, a]× {0} ×D ⊂ [−a, a]2 × S2
for a smooth embedding D ⊂ S2 of a disk, as follows from the properties of
ψ postulated by Property (C.iii).
Proof. Here we write ω := ω1 ⊕ ω1 to denote the product symplectic form
on S2 × S2.
Using the symplectic trivialization
ψ : ([−a, a]2 × S2, (dx ∧ dy)⊕ ω1)
∼=−→ U = p−1(V ) ⊂ (S2 × S2, ω1 ⊕ ω1)
provided by Property (C.iii), it follows that ω + tκ is symplectic for each
t ≥ 0, where we have defined
κ := (ψ−1)∗(ρ dx ∧ dy)
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for a bump-function ρ : [−a, a]2 → [0, 1] on the [−a, a]2-factor. Here we
moreover require the support of ρ to be compact and disjoint from [−a, a]×
{0} (i.e. it is disjoint from the image of the solid torus under the projection
to the base in the above coordinates).
It follows that p : (S2×S2, ω+ tκ)→ S2 still defines a symplectic fibrations
for each of the symplectic forms ω + tκ, t ≥ 0.
By Properties (F.i)–(F.iv) above, there exist a closed two-form τ on S2 ×
S2, for which ω + tκ + ctτt remains symplectic for an arbitrary family of
constants ct ≥ 0 (here we use Properties (F.iv) and (F.v)) while, moreover,
p : (S2 × S2, ω˜s + ctτ)→ S2 still defines a symplectic fibration (here we use
Properties (F.iii) and (F.v)). Recall that τ has support disjoint from T ,
that
∫
Σ τt = 0, and that
∫
p−1(q) τ > 0.
Consider the area ratio
At :=
∫
Σ(ω + tκ)∫
Σ ω
, t ≥ 0,
where thus A0 = 1, and for which A˙t ≥ C > 0 is bounded from below. We
choose the constants ct ≥ 0 to be defined via the equation∫
p−1(q)(ω + ctτ)∫
p−1(q) ω
= At, t ≥ 0.
In particular it follows that c0 = 0, and that c˙t ≥ C ′ > 0 is bounded from
below as well.
Finally, we can construct the smooth family
ωt :=
1
At
(ω + tκ+ ctτ), t ≥ 0,
of two-forms. By Property (F.iv) the these forms are symplectic, and using
the fact that
∫
Σ ωt =
∫
p−1(q) ωt = 1 holds for all t ≥ 0, they are all in the
same cohomology class as ω0 = ω.
By the latter property, Moser’s trick [37] can be applied to the above family
ωt of symplectic forms. This yields a smooth isotopy φt : S
2×S2 → S2×S2
for which φ0 = 1lS2×S2 , while (φt)∗ω = ωt. Parts (i)–(iii) can now readily
seen to hold.
Given the additional assumptions, instead of applying Moser’s trick to the
family ωt of symplectic forms, we will instead apply it to a family ω
′
t =
(φ′t)∗(ωt) of symplectic forms which are required to coincide with ω in some
neighborhood of D∞, and where φ′t : S2×S2 → S2×S2 is a suitable smooth
isotopy fixing D∞ set-wise. Observe that such a smooth isotopy can be
constructed by hand, given that the closed two-form τ used above is con-
structed with some care. To that end, the symplectic section Σ used in
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Lemma 6.5 for producing τ will be taken of the form S2 × {w} ⊂ D∞ for
some w ∈ S2 \ {∞} that is close, but not equal, to ∞.
Using the fact that D∞ has a neighborhood that is simply connected, and
examining the proof of Moser’s trick in the case of a family ω′t as above, the
produced smooth isotopy φ′′t may be taken to fix such a simply connected
neighborhood of D∞ pointwise. The sought isotopy is finally taken to be
φt := φ
′
t ◦ φ′′t . 
Lemma 6.5 (Lemma 3.3.2 in [32]). Under the assumptions (C.i)–(C.iii),
the closed two-form τ on S2×S2 satisfying (F.i)–(F.v) above exists and may
be assumed to have support inside an arbitrarily small neighborhood of the
symplectic section Σ.
Proof. Since Σ is a symplectic section of p, all symplectic fibers p−1(q) in-
tersect Σ transversely in a single point. This intersection is counted with
positive sign given that both spheres are endowed with the symplectic ori-
entation.
After a deformation of Σ and shrinking the open subset V ⊂ S2 of the base
where p is trivialized (as postulated by Property (C.iii)), we may assume
that this section is constant with respect to the trivialization ψ.
Standard techniques can be used to produce a smooth trivialization of p
restricted to some neighborhood W ⊃ Σ, i.e. a diffeomorphism
ψ˜ : S2 ×D2ǫ
∼=−→W ⊂ S2 × S2
which identifies S2 × {0} ⊂ S2 ×D2ǫ with ψ˜(S2 × {0}) = Σ, and for which
p ◦ ψ˜ is equal to the canonical projection S2 × D2ǫ → S2. After shrinking
ǫ > 0, and taking some extra care we may moreover assume that
• all constant sections S2×{q} in the trivialization ψ˜ are symplectic,
and
• the trivializations ψ and ψ˜ coincide inside the subset p−1(V ) ∩W .
Giving S2×D2ǫ the appropriate product orientation, while making the above
diffeomorphism orientation preserving, we may write
ψ˜∗(ω1 ⊕ ω1) = f dx ∧ dy + η1 ∧ dx+ η2 ∧ dy + g ω1.
Here (x, y) ∈ D2ǫ ⊂ R2 denote the standard coordinates, ω1 denotes the area
form on the S2-factor, η1, η2 ∈ Ω1(S2) are one-forms on the S2-factor, and
f, g > 0 are positive functions. Moreover, since ψ˜ preserves orientations, it
follows that
ψ˜∗(ω1 ⊕ ω1) ∧ ψ˜∗(ω1 ⊕ ω1) = hω1 ∧ dx ∧ dy
holds for a positive function h > 0.
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An explicit calculation using the formulas above shows that the closed two-
form
ψ˜∗(ω1 ⊕ ω1) + ρ dx ∧ dy
also is symplectic for any choice of non-negative function ρ : D2ǫ → R≥0 on
the factor D2ǫ corresponding to the fiber. The sought two-form can now be
taken to be τ := (ψ˜−1)∗(ρ dx ∧ dy) for a smooth and compactly supported
bump-function ρ : D2ǫ → [0, 1]. 
Lemma 6.6 (Lemma 3.2.4 in [32]). Assume we are given a symplectic S2-
fibration p : (S2 × S2, ω1 ⊕ ω1) → S2 satisfying Properties (C.i) and (C.ii)
above. After an arbitrarily small deformation of the fibers in the subset
p−1(V \ γ), and after possibly shrinking V , we may assume that Property
(C.iii) concerning the existence of the symplectic trivialization ψ over V
holds as well.
Moreover, given that S2 × {0} ⊂ S2 × S2 \ T is a section of the original
fibration p, and that the fibers of p above γ ⊂ V coincide with the standard
spheres {g} × S2, g ∈ γ, in some neighborhood of S2 ×{0}, we may assume
that this section is constant in the produced trivialization ψ.
Proof. Using the characteristic distribution of the hypersurface p−1(γ) ⊂
(S2×S2, ω1⊕ω1) we define a trivialization ψ˜ : γ×S2 → U over an arc that
can be identified with γ = [−a, a]× {0} ⊂ [−a, a]2 ∼= V . In other words, all
ψ˜({g} ×S2) = p−1(g), g ∈ γ, are fibers, while Dψ˜(Tγ ⊕ 0) is tangent to the
characteristic distribution. It follows that the solid torus is of the required
form ψ˜−1(T ) = γ ×D.
Using the standard symplectic neighborhood theorem (see e.g. [37, Lemma
3.14]) we may then extend ψ˜ to a symplectomorphism
ψ : ([−a, a]2 × S2, (dx ∧ dy)⊕ ω1)
∼=−→ U = p−1(V ) ⊂ (S2 × S2, ω1 ⊕ ω1),
where the pair (V, γ) has been identified with ([−a, a]2, [−a, a]× {0}).
Observe that, except over the arc [−a, a] × {0} ⊂ [−a, a]2, the symplecto-
morphism ψ does not necessarily preserve the fibers. However, this can be
amended by performing a suitable smooth interpolation between the fibers
of p and the symplectic spheres ψ({(x, y)} × S2). After possibly shrink-
ing the subset in the base and choosing a smaller number a > 0, we have
obtained the sought trivialization of the deformed fibration. 
6.2. Proof of Theorem 6.2. The result follows by combining the inflation
technique of Theorem 6.3 with the following elementary but crucial lemma.
Lemma 6.7 (Proposition 3.4.2 in [32]). Consider the symplectic manifold
([0, 1]×R×S2, (dx∧dy)⊕ω1). Let D ⊂ S2 be a disk with smooth boundary,
and consider and a Hamiltonian diffeomorphism φ1Ht : (D, ∂D) → (D, ∂D)
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preserving the boundary set-wise, and satisfying H0 ≡ H1 ≡ 0. The cylinder
C being the image of [0, 1] × {0} ×D under the symplectic suspension
([0, 1] × R×D, (dx ∧ dy)⊕ ω1)→ ([0, 1] × R×D, (dx ∧ dy)⊕ ω1),
(x, y, z) 7→ (x, y +Hx(z), φxHt(z)),
satisfies
C ∩ {x = 0, 1} = {0, 1} × {0} ×D ⊂ [0, 1] × R× S2,
is foliated by the symplectic disks C ∩ {x = x0}, x0 ∈ [0, 1], and has a
characteristic distribution inducing the map φ1Ht when flowing from C∩{x =
0} to C ∩ {x = 1}.
The following well-known result is also needed.
Lemma 6.8. Any symplectomorphism of the two-dimensional disk (D2, ω0)
which fixes the boundary set-wise is a Hamiltonian diffeomorphism φ1Ht for
a time-dependent Hamiltonian Ht on D
2. This Hamiltonian can be taken to
satisfy Ht ≡ 0 for all t in a neighborhood of {0, 1}, as well as Ht|∂D2 ≡ 0
for all t ∈ [0, 1].
Proof. By Moser’s trick (see e.g. [37]) together with the fact that the space
of symplectic forms on a surface inducing a fixed orientation is a contractible
space, we get a weak homotopy equivalence Symp(D2) ∼ Diff+(D2). Since
the latter group of orientation preserving diffeomorphisms is contractible by
[47], and since D2 is simply connected, we thus conclude that Symp(D2) =
Ham(D2).
The vanishing Ht|∂D ≡ 0 is easily achieved by adding a suitable time-
dependent constant to the Hamiltonian. Namely, since the boundary is
a Lagrangian submanifold which is fixed set-wise, the Hamiltonian must be
constant there for each fixed t ∈ [0, 1]. 
Now assume that the solid torus T ⊂ S2 × S2 induces a monodromy map
φ : (D,ω) → (D,ω), and that it satisfies Properties (C.i)–(C.iii) for some
symplectic fibration. Consider a fixed Hamiltonian isotopy φtHt : (D,ω) →
(D,ω) for which φ1Ht = φ
−1, where Ht moreover satisfies the properties
described in Lemma 6.8.
The inflation procedure in Theorem 6.3 deforms the Lagrangian torus by
a Lagrangian isotopy Lt that extends to the isotopy Tt of the solid torus.
Given any ǫ > 0, the monodromy map of Tt can be assumed to be given by
given by φ : (D, ǫω) → (D, ǫω) for some large t > 0 (this is by Part (ii) of
Theorem 6.3).
Utilizing the symplectic trivialization near a neighborhood of the deformed
solid torus Tt as provided by Part (iii) of Theorem 6.3, we can now apply the
above lemma to the Hamiltonian isotopy φtǫHt given that ǫ > 0 was chosen
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sufficiently small and t ≫ 0 sufficiently large. The solid torus obtained
by replacing the cylinder [0, 1] × {0} × D in this trivialization with the
obtained cylinder C finally produces the sought solid torus. Indeed, its
monodromy map is equal to (φtǫHt)
−1 ◦φtǫHt = 1lD. Moreover, since Ht|∂D ≡
0, the Lagrangian boundary of this solid torus is not affected by the latter
deformation.
Strictly speaking, some additional care must be taken here due to the fact
that the symplectic form αt dx ∧ dy on the base of the trivialization ψt
produced by Theorem 6.3 may be small on one of the subsets {±y ≥ 0} ⊂
[−a, a]2. However, this can always be amended after an additional explicit
deformation of the solid torus inducing a Lagrangian isotopy of its boundary:
Inside the trivialization we can replace the solid torus with one that is fibered
over a different curve in the base. 
6.3. Proof of Theorem 6.1. First of all, using the standard symplectic
neighborhood theorem (see e.g. [37, Lemma 3.14]), we can extend both em-
beddings of solid tori ϕi : S
1 ×D2 → X to symplectic embeddings
Φi : (T
∗
ǫ S
1 ×D2, dλS1 ⊕Rω0) →֒ (X,ω), i = 0, 1,
for some ǫ,R > 0, satisfying the property that Φi|0
S1
×D2 = ϕi. Our goal
is to construct a Lagrangian isotopy connecting the two Lagrangian tori
Φi(0S1 × ∂D2), i = 0, 1.
Observe that a one-dimensional submanifold automatically is isotropic, i.e. the
symplectic form vanishes when pulled back to it. Since the solid tori are ho-
motopic, the two isotropic cores ϕi(S
1 × {0}), i = 0, 1, of the solid tori are
homotopic as well. By a standard general position argument, we may even
assume that there is a smooth isotopy connecting these two cores.
We now recall the Lagrangian circle bundle construction due to M. Audin,
F. Lalonde, and L. Polterovich in [3] in the special case of a four-dimensional
symplectic manifold. This construction enables us to create a smooth family
of Lagrangian tori associated to any smooth family of isotropic curves.
Namely, assume that we are given a curve γ : S1 →֒ (X,ω) and observe that
its symplectic normal bundle ν ⊂ γ∗TX → S1 is symplectically trivial (this
is a two-dimensional real vector bundle). Given the choice of a symplec-
tic trivialization τ of ν, the isotropic neighborhood theorem proven by A.
Weinstein in [54] (also, see [37]) provides a symplectic embedding
Γ: (T ∗ǫ S
1 ×D2ǫ , dλS1 ⊕ ω0) →֒ (X,ω)
for some ǫ > 0, where Γ|0
S1
×{0} = γ and under which the canonical trivial-
ization of 0⊕TD2ǫ along 0S1 ×{0} coincides with the above trivialization τ .
We will call any symplectic embedding Γ of this form a parametrized sym-
plectic standard neighborhood of γ induced by our choice of trivialization.
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The Lagrangian circle bundle construction associates the embedding Γ(0S1×
S1ǫ ) ⊂ (X,ω) of a Lagrangian torus to any parametrized symplectic stan-
dard neighborhood of an isotropic curve. Given a one-parameter family Γt,
t ∈ [0, 1] of such symplectic parametrizations, we obviously get an induced
Lagrangian isotopy of the corresponding Lagrangian circle bundles. Observe
that we first may have to shrink ǫ > 0, but that t 7→ Γ(0S1 × S1t ) again is a
Lagrangian isotopy.
We now make the following claims, from which the sought result can be seen
to follow:
(1) The parametrization produced by the isotropic neighborhood the-
orem smoothly depends on the data (the isotropic curve and the
trivialization of its symplectic normal bundle), together with the
contractible space of choices made in the construction (e.g. a Rie-
mannian metric on (X,ω)). (For a family of such parametrized
neighborhoods it might obviously be necessary to also vary ǫ > 0);
(2) Any parametrized symplectic standard neighborhood of an isotropic
curve with a fixed trivialization may be assumed to arise from an
application of the previously mentioned isotropic neighborhood the-
orem for suitable choices of data. In particular, this is the case for
the parametrizations Φi, i = 0, 1, above, which can be taken to be
induced by the isotropic curves Φi(0S1 × {0}), i = 0, 1; and
(3) Given a curve γ, any two homotopy classes of trivializations of its
symplectic normal bundle give rise to parametrized symplectic nor-
mal neighborhoods for which the associated Lagrangian circle bun-
dles are Lagrangian isotopic.
Claim (1) is standard. Claim (2) is immediate, given that the data used in
the construction of the isotropic neighborhood theorem is adapted to the
parametrized standard symplectic neighborhood already given.
We finish by showing Claim (3) by giving the following explicit models which
is sufficient in view of Claim (2). Recall that π1(Sp2) = π1(U(1)) = Z, and
hence that there is an integer worth of homotopy classes of trivializations
of the symplectic normal bundle of an isotropic curve in (X,ω). To each
such homotopy class m ∈ Z associated to the isotropic curve 0S1 × {0} ⊂
(T ∗S1 × R2, dλ ⊕ ω0), we explicitly construct the parametrized symplectic
standard neighborhood
Γm : (T
∗
ǫ S
1 ×D2ǫ , dλS1 ⊕ ω0)→ (T ∗S1 × R2, dλS1 ⊕ ω0),
(θ, pθ, z) 7→ (θ, pθ −m‖z‖2/2, eimθz),
where we have used the identification S1 = R/2πZ. The claim now follows
since, in fact, the Lagrangian tori Γm(0S1 × S1ǫ ), m ∈ Z, produced by the
Lagrangian circle bundle construction all coincide. 
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6.4. Proof of Theorem A. By Theorem C it suffices to show that two
Lagrangian tori inside (R4, ω0) are Lagrangian isotopic. This we now show
as follows. After a rescaling, it suffices to consider a Lagrangian torus
L ⊂ (D2 ×D2, ω0) ∼= (S2 × S2 \D∞, ω1 ⊕ ω1).
Propositions 5.11 and 5.16 produce an embedded solid torus
⋃
θ∈S1 Dsmall(θ)
with boundary on L contained inside D2 ×D2 ⊂ S2 × S2. This solid torus
moreover satisfies Properties (C.i)–(C.ii), and hence also (C.iii) without loss
of generality, from which it follows that Theorem 6.2 can be applied. In
other words, after a Lagrangian isotopy of L ⊂ (D2 ×D2, ω0), we can find
such a solid torus for which the monodromy map of a leaf Dsmall(θ) induced
by the characteristic distribution is the identity. Finally, using Theorem 6.1
we conclude that the Lagrangian isotopy class of such a torus is unique. 
7. The nearby Lagrangian conjecture
Using the above construction of symplectic S2-fibrations of (S2 × S2, ω1 ⊕
ω1) compatible with a Lagrangian torus, together with the technique of
inflation, we are also able to obtain the following strong result concerning
homologically essential Lagrangian tori of the cotangent bundle of a torus.
Theorem 7.1. Any embedded Lagrangian torus L ⊂ T ∗T2 that is non-zero
in H2(T
2) is Hamiltonian isotopic to a section of T ∗T2 → T2.
Combining this theorem with the results by Abouzaid–Kragh [1], [33], we
obtain a positive answer to the nearby Lagrangian conjecture for (T ∗T2, dλ),
i.e. this establishes Theorem B.
7.1. The geometric setup. We begin by discussing the geometric setup,
relating the cotangent bundle of the torus to (S2 × S2, ω1 ⊕ ω1).
Recall that Arnold has shown that a Lagrangian torus L satisfying the as-
sumptions of Theorem 7.1 in fact is homotopic to the zero-section [2]. We
can thus fix a parametrization ϕ : T2 →֒ T ∗T2 of L which is homotopic
(as a map into T ∗T2) to the standard embedding T2 → 0T2 ⊂ T ∗T2 of the
zero-section. After the fiber-wise translation of T ∗T2 obtained by adding the
constant section given by the unique closed one-form p1dθ1+p2dθ2 ∈ Ω1(T2)
homologous to −ϕ∗λ, the resulting Lagrangian submanifold can be seen to
be exact. (The section being constant is not relevant here.) In this manner
the general case of Theorem 7.1 is reduced to the case when L is exact.
Furthermore, assume that we are given a Lagrangian isotopy ϕt : T
2 →
T ∗T2, t ∈ [0, 1], starting with the exact Lagrangian embedding ϕ0 = ϕ
above, and ending with the standard embedding ϕ1 of the zero-section.
Deform this isotopy by adding the path of sections being the graphs of
the closed one-forms p1(t)dθ1 + p2(t)dθ2 ∈ Ω1(T2) homologous to −ϕ∗tλ.
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Since the symplectic action class is constant along this deformed path of
Lagrangians, it is now a standard fact that it can be generated by a Hamil-
tonian isotopy. In other words, since any Lagrangian section obviously is
Lagrangian isotopic to the zero-section, it suffices to show that an exact La-
grangian torus is Lagrangian isotopic to a Lagrangian section of T ∗T2 → T2.
Recall the definition of the holomorphic divisor
D∞ := (S2 × {∞}) ∪ ({∞} × S2) ⊂ S2 × S2,
and write
D0 := (S
2 × {0}) ∪ ({0} × S2) ⊂ S2 × S2.
There is a symplectic identification
(T ∗1/4πS
1 × T ∗1/4πS1, dλS1 ⊕ dλS1) ∼= (S2 × S2 \ (D∞ ∪D0), ω1 ⊕ ω1),
where (T ∗1/4πS
1×T ∗1/4πS1, dλS1⊕dλS1) ⊂ (T ∗T2, dλ). The image of an exact
Lagrangian submanifold under this identification can moreover be seen to
be a monotone Lagrangian submanifold of (S2 × S2, ω1 ⊕ ω1), given that
its Maslov class vanishes. By the result in [33], the latter is indeed always
the case. Furthermore, after a fiber-wise rescaling in T ∗T2 (which induces
a Hamiltonian isotopy of exact Lagrangian submanifolds), we may assume
that any exact Lagrangian submanifold is contained in the bounded subset
T ∗1/4πS
1 × T ∗1/4πS1.
In light of the discussion above, our goal will be to show that an exact
Lagrangian torus L ⊂ (T ∗1/4πS1 × T ∗1/4πS1, dλ) is Lagrangian isotopic to a
section of (T ∗T2, dλ) ⊃ T ∗1/4πS1 × T ∗1/4πS1 inside the same subset.
7.2. A compatible fibration. We will apply the techniques in Section
5 but, first, we make the additional requirement that J∞ = i holds in a
neighborhood of the divisor D∞ ∪D0 ⊂ S2 × S2 (the assumptions made in
the same section guarantees that this already is the case in a neighborhood
of D∞). In particular, this divisor is thus assumed to be holomorphic. Since
the exactness implies that L ⊂ (S2 × S2, ω1 ⊕ ω1) is monotone, Theorem D
can be used to show the existence of a symplectic S2-fibration
p1 : S
2 × S2 → S2
with fibers in the class A2 ∈ H2(S2 × S2) and satisfying the following prop-
erties:
(C’.i) The restriction p1|L is a trivial smooth S1-fibration over the equator
S1 ⊂ S2 of the base of p1. For each θ ∈ S1 ⊂ S2 there are precisely
two components of p−11 (θ) \ L whose respective closures form two
disk families Dsmall(θ) and Dbig(θ) having boundary on L;
(C’.ii) The fibers of p1 may all be assumed to be pseudoholomorphic for an
almost complex structure which coincides with i in a neighborhood
of the divisor D∞ ∪D0; and
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(C’.iii) The spheres S2 × {0,∞} ⊂ D∞ ∪D0, which both are disjoint from
L by construction, are symplectic sections of the above fibration p1.
Since the inclusion L ⊂ S2 × S2 \ (D∞ ∪D0) is a homotopy equivalence by
construction, it also follows that
(C’.iv) The unique intersection point of the above sections S2 × {∞} and
S2 × {0} of p1 with a fiber π−11 (θ) over the equator is contained in
the interior of Dbig(θ) and Dsmall(θ), respectively.
By T := ⋃θDsmall(θ) we denote the solid torus formed by the union of small
disks (see Definition 5.9) intersecting D0 and having boundary equal to L.
Note that T ⊂ S2 × S2 \D∞.
Remark 7.2. Property (C’.iv) above implies that the assumptions of the
main theorem in [13] are satisfied. Hence, L ⊂ (S2 × S2, ω1 ⊕ ω1) is Hamil-
tonian isotopic to 0T2 ⊂ T ∗1/4πS1 × T ∗1/4πS1 ⊂ (S2 × S2, ω1 ⊕ ω1) (i.e. the
Clifford torus) inside the latter symplectic manifold. With a bit of more
work, it is even possible to assume that the divisor D∞ ∪D0 is fixed under
this Hamiltonian isotopy, thus giving the sought result.
Here we instead choose another path, and give a self-contained construction
of this Hamiltonian isotopy based upon the previously established technique
of inflation.
Consider the standard trivial symplectic S2-fibration
π1 : S
2 × S2 → S2
given as the canonical projection onto the first S2-factor. Note that, for any
simple closed curve S ⊂ S2, the preimage π−11 (S) = S × S2 is foliated by
Lagrangian tori after removing the two embedded closed curves S×{0,∞} ⊂
S×S2. Furthermore, in the case when S = S1r ⊂ S2, r > 0, (using a suitable
identification S2 \ {0} ∼= R2), the leaves S1r ×S1s ⊂ S × (S2 \ {0,∞}), s > 0,
all correspond to Lagrangian sections of
S2 × S2 \ (D∞ ∪D0) ∼= T ∗1/4πS1 × T ∗1/4πS1 ⊂ T ∗T2 → T2,
given that appropriate identifications have been used.
After a Hamiltonian isotopy which deforms the solid torus T = ⋃θDsmall(θ)
(as well as the fibration p1) followed by a deformation of the fibers of p1
disjoint from the solid torus, both having support in an arbitrarily small
neighborhood of D0, we can arrange the following to hold in addition to the
above Properties (C’.i)–(C’.iv):
(C’.v) Each leaf Dsmall(θ) ⊂ p−11 (θ), θ ∈ S1, of the solid torus coincides
with the fiber π−11 (θ) = {θ} × S2, θ ∈ S1r0 in a neighborhood of
D0 for some fixed r0 > 0. Moreover, each leaf p
−1
1 (q) for q ∈ S2
contained in some small neighborhood of the equator S1 coincides
with a fiber of π1 inside some fixed neighborhood of D0.
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To see that this deformation exists, we argue as follows. We only show the
first claim concerning the leaves Dsmall(θ). The latter claim can be seen to
follow by the methods in the proof of Lemma 6.6.
First, observe that
⋃
θ∈S1 Dsmall(θ) ∩ D0 is an embedded closed curve γ ⊂
(S2 \ {0,∞}) × {0} ⊂ D0 inside a symplectic annulus in the class of the
generator of its fundamental group.
The symplectic fibers contained in p−11 (S
1) all intersect D0 transversely
along this curve γ, where both D0 and these fibers are holomorphic for
the standard complex structure near these intersections by Property (C’.ii).
After an explicit modification of these fibers, we may assume that each such
fiber is of the form {p} × U for a neighborhood U ⊂ S2 and point p ∈ γ.
A standard construction now provides a Hamiltonian isotopy φt of the sym-
plectic annulus (S2 \ {0,∞}) × {0} ⊂ (S2 × S2, ω1 ⊕ ω1) taking the closed
curve γ to one of the simple closed curves
S1r0 × {0} ⊂ (S2 \ {0,∞}) × {0} ⊂ S2 × {0} ⊂ D0,
in the foliation of S2\{0,∞} by the circles S1r , r > 0, as described above. The
extension (φt× 1lS2) of the Hamiltonian isotopy to all of S2×S2 can clearly
be cut off in order to make it supported in an arbitrarily small neighborhood
of D0.
7.3. Trivializing the symplectic monodromy. Property (C’.v) above
implies the following. First, the solid torus T := ⋃θ∈S1 Dsmall(θ) ⊂ S2 × S2
foliated by the small disks has a characteristic distribution which is tangent
to the embedded closed curve D0∩T ⊂ T . (Recall that this curve intersects
each leaf Dsmall(θ) ⊂ T transversely in a single interior point.) Second, the
monodromy map on a leaf Dsmall(θ) induced by this characteristic distribu-
tion preserves the boundary and is equal to the identity in a neighborhood
of the point D0 ∩ Dsmall(θ) ⊂ Dsmall(θ). In order to get sufficient control
of the monodromy on the whole disk, we need the following refinement of
Theorem 6.2.
Proposition 7.3. Assume that we are given a solid torus T as above. After
a Lagrangian isotopy of its boundary L inside S2×S2 \ (D∞ ∪D0), together
with a deformation of the solid torus T inside S2 × S2 \ D∞, in addition
to Properties (C’.iv) and (C’.v), the solid torus can also be made to satisfy
the following: The monodromy map induced by the characteristic distribu-
tion is a symplectomorphism of Dsmall(θ) that is equal to the identity in a
neighborhood of D0 ∩Dsmall(θ) together with its boundary, while it preserves
a foliation of the punctured disk Dsmall(θ) \D0 by simple closed curves.
Proof. Let ϕ ∈ Symp(Dsmall(θ)) be the induced monodromy map. The
assumptions of Lemma 7.4 below are satisfied, and we thus get a com-
pactly supported Hamiltonian diffeomorphism φ1Ht of the punctured disk
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Dsmall(θ)\D0 for which φ1Ht ◦ϕ is a symplectomorphism of the form needed.
In particular, it preserves a foliation by simple closed curves.
We can now follow the inflation procedure given by Theorem 6.3. While
the obtained deformations φt(L) and φt(T ) may be assumed to take place
inside the complement S2 × S2 \D∞, this deformation need not fix D0. To
amend this we argue as follows.
First, consider the trivialization ψ produced in Lemma 6.6 above (also, see
Property (C.iii)). Using the additional hypothesis satisfied by the section
S2 × {0} provided by Property (C’.v), we may assume that this section is
constant in the obtained trivialization ψ. Examining the proof of Theorem
6.3, we now see that
φt(D0 ∪D∞) = φt(D0) ∪D∞ ⊂ (S2 × S2, ω1 ⊕ ω1)
is a family of nodal symplectic spheres disjoint from ∂φt(T ). Corollary 3.7
together with Gromov’s classification of pseudoholomorphic fibrations on
(S2 × S2, ω1 ⊕ ω1) shows the existence of a Hamiltonian isotopy φtGt for
which φtGt ◦ φt fixes D∞ ∪D0 set-wise.
Using the above assumptions on the trivialization ψ, the induced trivializa-
tions
φtGt ◦ψt = φtGt ◦φt◦ψ : ([−a, a]2×S2, (αt dx∧dy)⊕βtω1) →֒ (S2×S2, ω1⊕ω1)
produced by Theorem 6.3 satisfies
(φtGt ◦ ψt)−1(φtGt(Tt)) = [−a, a]× {0} ×D,
(φtGt ◦ ψt)−1(D0) = [−a, a]2 × {q},
for some q ∈ intD ⊂ D ⊂ S2 (also, see Remark 6.4). The sought solid
torus and Lagrangian submanifold will be φtGt(Tt) and φtGt(Lt) for t ≫
0 sufficiently large. Finally, in order to make the new solid torus satisfy
Property (C’.v) in some neighborhood of its intersection with D0, it may
be necessary to again perform a Hamiltonian isotopy supported near D0 (as
done in Section 7.2).
The end of the proof is similar to the proof of Theorem 6.2 as given in
Section 6.2. Apply Lemma 7.4 to the monodromy map ϕ induced by the
solid torus, thus producing a Hamiltonian Ht on the disk for which φ
t
Ht
◦ ϕ
is a symplectomorphism that preserves a foliation by circles.
After the above inflation, the monodromy map of the torus is still given by
ϕ. However, given that t ≫ 0 was chosen sufficiently large, the rescaled
Hamiltonian ǫHt for some arbitrarily small ǫ > 0 now produces the sym-
plectomorphism φtǫHt ◦ϕ of the sought form. In the coordinates given by the
above trivialization φtGt ◦ ψt, we now invoke Lemma 6.7 in order to replace
a piece of the solid torus with the symplectic suspension of the Hamiltonian
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isotopy φtǫHt considered above. This finishes the construction of the required
solid torus. 
Lemma 7.4 (Remark 3.4.4 in [32]). Assume that we are given a compactly
supported symplectomorphism ϕ of (D2 \ {0}, ω0). There exists a Hamilton-
ian isotopy φtHt : (D
2\{0}, ∂D2)→ (D2\{0}, ∂D2) generated by a compactly
supported Hamiltonian Ht : D
2 \ {0} → R that satisfies Ht|∂D2 ≡ 0, and for
which φ1Ht ◦ϕ is compactly supported, equal to the identity near the boundary,
and preserves every concentric circle set-wise.
Proof. Using a standard argument as in the proof of Lemma 6.8, we find a
Hamiltonian Gt satisfying the above properties, except that it might depend
on t near the puncture (i.e. it is constant in a neighborhood of the puncture
for each fixed t ∈ [0, 1], but not necessarily vanishing there). The sought
Hamiltonian Ht can then be obtained from Gt by the multiplication with
a suitable bump-function ρ : D2 → [0, 1] that vanishes near the puncture,
is equal to 1 in some subset of the form D2 \ B2ǫ , while every level-set
ρ−1(y) ⊂ D2 for y ∈ (0, 1) is a concentric circle. 
7.4. Proof of Theorem 7.1. Recall the arguments in Section 7.1 by which
it is sufficient consider the case when
L ⊂ (T ∗1/4πS1 × T ∗1/4πS1, dλ) ⊂ (S2 × S2, ω1 ⊕ ω1)
is a monotone Lagrangian torus, and where the first inclusion is a homotopy
equivalence.
An application of Proposition 7.3 gives the following. After a Lagrangian
isotopy of L ⊂ (T ∗1/4πS1 × T ∗1/4πS1, dλ), we can find a solid torus T ⊂ S2 ×
S2 \D∞ with boundary ∂T = L that satisfies Properties (C’.iv) and (C’.v)
of Section 7.2, the characteristic distribution of which moreover satisfies the
following property. The induced monodromy map of the symplectic disks
Dsmall(θ), θ ∈ S1, preserves a foliation of the annulus Dsmall(θ) \ D0 by
closed embedded curves.
The existence of the Lagrangian isotopy taking the torus to a section is
now immediate. Namely, the foliation of the leaf Dsmall(θ) \D0 by simple
closed curves extends to a foliation of the solid torus by Lagrangian tori.
Moreover, by choosing the foliation appropriately near the puncture D0 ∩
Dsmall(θ) ⊂ Dsmall(θ), which is possible by Property (C’.v), the following
can be achieved: The Lagrangian tori corresponding to closed curves in
the foliation that are sufficiently close to the puncture of Dsmall(θ) \D0 all
correspond to sections of T ∗1/4πS
1 × T ∗1/4πS1 ⊂ T ∗T2 → T2. 
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Appendix A. An explicit fibration compatible with the
Chekanov torus.
It is immediate that the two canonical projections S2 × S2 ⇒ S2 both are
symplectic fibrations compatible with the Clifford torus S1 × S1 ⊂ (S2 ×
S2, ω1 ⊕ ω1) (see the introduction for the definition). Another well-studied
monotone torus inside (S2 × S2, ω1 ⊕ ω1) is the so-called Chekanov torus.
By Theorem D this torus also admits a compatible symplectic fibration
which, since these two tori are not Hamiltonian isotopic, should be slightly
more complicated. In this appendix we use elementary methods in order to
produce a compatible fibration for the Chekanov torus by hand.
A.1. A general construction of trivial symplectic S2-fibrations with
base T ∗S1. We start by describing general constructions of trivial symplec-
tic S2-fibration with the total space being the symplectic manifold (T ∗S1×
S2, dλS1⊕ω1), and with fibers in the homology class [{pt}×S2] ∈ H2(T ∗S1×
S2).
A.1.1. Trivial symplectic S2-fibrations via suspension. For a Hamiltonian
Ht : S
2 → R, t ∈ R, we use φtHt : (S2, ω)→ (S2, ω) to denote the correspond-
ing Hamiltonian isotopy. Recall the definition of the symplectic suspension,
which is the symplectomorphism
ΦHt : (T
∗R× S2, (dp ∧ dq)⊕ ω1)→ (T ∗R× S2, (dp ∧ dq)⊕ ω1),
ΦHt(q, p, x) 7→ (q, p −Hq(φqHt(x)), φ
q
Ht
(x)).
Here q denotes the standard coordinate on R and (q, p) denotes the induced
canonical coordinates on T ∗R = R2 for which the Liouville form can be
written as p dq.
In the case when Ht = Ht+2π, i.e. when the Hamiltonian is periodic in the
t-variable, the family of symplectic spheres
S(q,p) := ΦHt({(q, p)} × S2) ⊂ T ∗R× S2, (q, p) ∈ T ∗R,
satisfies the property that S(q,p) and S(q+2π,p) are identified under the canon-
ical symplectic covering map
(T ∗R× S2, (dp ∧ dq)⊕ ω1)→ (T ∗S1 × S2, dλS1 ⊕ ω1)
induced by the universal cover R → R/2πZ = S1. In other words, the
above symplectic suspension induces an S2-fibration over T ∗S1 with fibers
S(q,p) ⊂ T ∗S1 × S2.
Observe that we may well have φt+2πHt 6= φtHt here. In fact, the monodromy
of the characteristic distribution of the S1-family⋃
q∈S1
S(q,p) ⊂ (T ∗S1 × S2, dλS1 ⊕ ω1),
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for a fixed p ∈ R, is given by this map φ2πHt : (S2, ω1)→ (S2, ω1).
Finally we note that, since the Hamiltonians that are 2π-periodic in the
t-variable obviously form a contractible space, the above fibrations are all
isomorphic to the trivial S2-fibration T ∗S1 × S2 → S2 in the category of
smooth fibrations.
A.1.2. Symplectic S2-fibrations via families of suspensions. Above we saw
that a Hamiltonian Ht : S
2 → R periodic in the t-variable gives rise to a
symplectic fibration with T ∗S1, whose fiber over (q, p) ∈ T ∗S1 is given by
S(q,p) = ΦHt({(q, p)} × S2) = Φ−p+Ht({(q, 0)} × S2).
We now restrict our attention to autonomous Hamiltonians hs : S
2 → R
which moreover smoothly depend on an additional variable s ∈ R. Under
the assumption that the graphs {(x, hs(x))} ⊂ S2 × R provide a smooth
foliation of S2 × R, we obtain a symplectic fibration over T ∗S1 with fiber
over (q, p) given by
S(q,p) := Φhp({(q, 0)} × S2) ⊂ (T ∗S1 × S2, dλ⊕ ω1).
Again, the produced fibration is isomorphic to the trivial fibration T ∗S1 ×
S2 → T ∗S1 in the category of smooth fibrations.
A.2. Constructing symplectic fibrations with total space symplec-
tomorphic to (S2 × S2, ω1 ⊕ ω1).
A.2.1. Fixing an identification of (S2, ω1). In the following we consider the
sphere (S2, ω1) of area
∫
S2 ω1 = 1. We will represent this sphere as the
round sphere S2
1/
√
4π
⊂ R3 of radius 1/√4π endowed with the area form
induced by the Euclidean metric on R3. We consider the Hamiltonian
isotopy φth : (S
2, ω) → (S2, ω) which rotates the round sphere in R3 by
t ∈ S1 = R/2πZ radians around the x1-axis, where (x1, x2, x3) ∈ R3 de-
notes the standard coordinates. Observe that this rotation fixes the points
N := (1/
√
4π, 0, 0) and S := (−1/√4π, 0, 0) on the sphere.
The autonomous Hamiltonian generating the above rotation will be taken
to be the “height function” h : S2 → [−1/4π, 1/4π] given by h(x1, x2, x3) =
− x1√
4π
. In particular, this Hamiltonian maps surjectively to the interval
[−1/4π, 1/4π].
Away from the points N,S ∈ S2, we can extend h : S2 → [−1/4π, 1/4π] to
a symplectomorphism
(S2 \ {N,S}, ω1)→ (T ∗1/4πS1 = S1 × (−1/4π, 1/4π), dλS1 ),
x 7→ (g(x1, x2, x3), h(x1, x2, x3)) ,
for the function g : S2\{N,S} → S1 defined by (x1, x2, x3) 7→ arctan(x3/x2).
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A.2.2. An explicit S2-fibration over T ∗1/4πS
1. After cutting off the Hamil-
tonian h : S2 → R near the points N and S by taking the composition
with a suitable smooth function ρ : R → (−(1/4π − ǫ), 1/4π − ǫ) satisfy-
ing ρ′ ≥ 0 and ρ|(−(1/4π−2ǫ),1/4π−2ǫ) = 1lR, we may assume that the ob-
tained Hamiltonian h0 := ρ ◦ h is as shown in Figure A.2.2. We note
that the induced Hamiltonian isotopy fixes each level-set of h0 set-wise,
while it coincides with the rotation φth : (S
2, ω) → (S2, ω) in the comple-
ment of a small neighborhood of {N,S} ⊂ S2. The function h0 extends
to a family of functions hs : S
2 → [−1/4π, 1/4π], for which the graphs pro-
vide a foliation of S2 × [−1/4π, 1/4π], and where hs ≡ s is constant for all
1/4π − ǫ/2 ≤ |s| ≤ 1/4π; see Figure A.2.2. Applying the construction in
Section A.1.2 we obtain a symplectic S2-fibration over T ∗1/4πS
1.
h0(pθ)
pθ pθ
1/4π
1/4π − ǫ
−1/4π
−(1/4π − ǫ)
1/4π − ǫ
1/4π−1/4π
h1/4π(pθ)
h0(pθ)
h−1/4π(pθ)
Figure 8. On the left: the graph of the cut-off Hamiltonian
h0 = ρ ◦ h for the coordinate pθ := h = −x1/
√
4π. On the
right: the graphs of the family of autonomous Hamiltonians
hs : S
2 → [−1/4π, 1/4π], s ∈ [−1/4π, 1/4π].
A.2.3. An induced S2-fibration on (S2 × S2, ω1 ⊕ ω1). The above symplec-
tic fibration extends to the closed symplectic manifold T ∗1/4πS
1 × S2 ⊃
T ∗1/4πS
2 × S2 with boundary. Write S∗1/4πS1 := ∂T ∗1/4πS1 ∼= S1 ⊔ S1 for
the boundary of the base. The characteristic distribution of the boundary
∂(T ∗1/4πS
1 × S2), which consists of the fibers {r} × S2, r ∈ S∗1/4πS1 by con-
struction, induces the trivial monodromy map on S2. After a symplectic
reduction of these boundary components, the resulting symplectic manifold
can be (rather canonically) identified with the monotone symplectic prod-
uct manifold (S2×S2, ω1⊕ω1). Under this quotient, the above fibration on
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T ∗1/4π × S2 moreover descends to a symplectic fibration
π : (S2 × S2, ω1 ⊕ ω1)→ S2
with fiber in the homology class [{pt} × S2] ∈ H2(S2 × S2). Observe that
the fibers near the “north” and “south” pole of the base all coincide with
fibers {pt} × S2 of the standard fibration. The zero-section of T ∗1/4πS1 will
be identified with the equator S1eq ⊂ S2.
Remark A.1. Consider the image of the suspension
Φh((R × {0}) × S2) ⊂ T ∗R× S2
under the canonical covering
T ∗R× S2 → T ∗S1 × S2
followed by the projection to S2 × S2 defined above. Note that the latter
image is foliated by the symplectic “diagonal” spheres {(x, φth(x)) ∈ S2×S2},
t ∈ S1.
A.3. Constructing the Chekanov torus fibered over the equator.
Recall that the rotation φth : (S
2, ω1)→ (S2, ω1) fixes the two points {N,S} ⊂
S2 identified with the intersection of S2
1/
√
4π
⊂ R3 with the x1-axis. We con-
sider an oriented simple closed curve
γ : S1 → (S2 \ {N,S}, ω1) ∼= (T ∗1/4πS1, dλ)
satisfying the property that it is the oriented boundary of a domain of sym-
plectic area 1/2 (i.e. half of the total area of (S2, ω1)), while both points
{N,S} lie in the same connected component of S2 \ γ(S1). For example,
one may take the “tennis ball curve” as shown in Figure A.3.
The monodromy on the union of fibers π−1(S1eq) ∼= S1 × S2 for the sym-
plectic fibration π : (S2 × S2, ω1 ⊕ ω1) → S2 constructed above is given by
φ2πh0 : (S
2, ω)→ (S2, ω).
In particular, φ1h0 coincides with φ
1
h = 1lS2 on the complement of some small
neighborhood of {N,S} ⊂ S2. We may hence assume that the parallel
transport of the curve γ ⊂ S2 \ {N,S} described in Figure A.3 taken over
the equator S1eq ⊂ S2 in the base closes up to form an embedded Lagrangian
torus L ⊂ (S2 × S2, ω1 ⊕ ω1).
Proposition A.2. The torus L produced above is the monotone Chekanov
torus in (S2 × S2, ω1 ⊕ ω1).
Proof. This can be seen using the presentation of the Chekanov torus given
in e.g. [22]. Indeed, it lives inside the S1-family of symplectic diagonal
spheres x 7→ (x, φth(x)), t ∈ S1, (see Remark A.1), and moreover intersects
each such diagonal sphere in precisely two simple closed curves. See Figure
A.3.
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pθ
γ
γ
θ
1/4π
−1/4π
π
N
φth0
S
−π
x1
T ∗1/4πS
1 S2
1/
√
4π
⊂ R3
Figure 9. The “tennis ball curve” bounding area 1/2, and
for which the two points {x2 = x3 = 0} ∩ S21/√4π = {N,S}
on the sphere lie in the same component of its complement.
p
√
γ
q
1/4π
−1/4π
π−π
Figure 10. The intersection of the Lagrangian torus L ⊂
(S2 × S2, ω1 ⊕ ω1) and the diagonal sphere {(x, x)}, where
the latter has been parametrized by T ∗1/4πS
1. Here we have
made the identification
√
γ := {(q, p); (2q, p) ∈ γ} ⊂ T ∗1/4πS1.

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